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Solutions/Answers to Exercises of page 6

1. Which of the following sentences are propositions? For those that are, indicate the truth value.
Solutions/Answers

a. 123 is a prime number. It is a proposition with truth value true T.
b. 0 is an even number. It is a proposition with truth value true T.
c. x2—4=0. It is not a proposition.
d. Multiply 5x+2 by 3. It is not a proposition.
e. What an impossible question! It is not a proposition.
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2. State the negation of each of the following statements.

Solutions/Answers @Qesem_University
a. V2 is a rational number. V2 is not a rational number. -
b. 0 is not a negative integer. 0 is a negative integer.
c. 111 is a prime number. 111 is not a prime number.
3. Let p: 15 is an odd number.
q: 21 is a prime number.
Solutions/Answers
a. pvqQ: 15 is an odd number or 21 is a prime number. Truth value True
b. pAQ: 15 is an odd number and 21 is a prime number. Truth value False
¢ —pvqQ: 15 is not an odd number or 21 is a prime number. Truth value False
d pa—Q: 15 is an odd number and 21 is not a prime number. Truth value True
e. p=(Q: If 15 is an odd number then 21 is a prime number. Truth value False
f. g=p: If21 is a prime number then 15 is an odd number. Truth value True
a. —p=-—Q: If15 is not an odd number then 21 is not a prime number. Truth value True
g —Q=—Pp: If21isnotaprimenumber then 15is notan odd number. Truth value False

4. Complete the following truth table.

pPA—q

Join Us On Telegram @Qesem_Universi

M| M| |—|T

a | —q
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Solutions/Answers to Exercises of pages 11-12

1. For statements p, and r, use a truth table to show that each of the following pairs of statements is

logically equivalent.

a. (pAq)<p and p=q.

Therefore, (pAq)<p and p=q are logically equivalent,

Therefore,

p=(qVr) and
—q=(—pVr) are
logically equivalent.
since the eighth and
the ninth columns have
the same truth values.

P 1Q |pAq| (pAQ)=p | p=q
T T T T T since the forth and the fifth columns have
T F F F F the same truth values.
F T F T T
F F F T T
b. p=(qVr) and -q=(—pVr).
P Q r |gqvr| =P | =q | —pVvr | p=(qVr) | =q=(=pVr)
T T T T F F T T T
T T F T F F F T T
T F T T F T T T T
T F F F F T F F F
F T T T T F T T T
F T F T T F T T T
F F T T T T T T T
F F F F T T T T T

c. (pv@)=r and (p=q)A(q=7).

pVq

I

g=r | (pvp=r | (p=pA@G=T)
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T T
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d. p=(qVr) and (—r)=(p=q).
The truth values of the combinations differ in the second and forth rows of the seventh and
the eighth columns so that p=(qVr) and (—r)=(p=q) are not logically equivalent.

Plgq|r |—-r]|qvr| p=q | p=(qVr) | (r)=({p=9)
T|IT|T[F | T T T T
T|T|F|T| F T F T
TIF|T|[F| T F T T
TIF|F|[T| T F T F
FIT|T|F | T T T T
FIT|F|T ]| F T T T
FIF|[T|F | T T T T
FIF|F|T ]| T T T T

The truth values of the
combinations differ in

the third row of the

seventh and the eighth

columns where

(pvg)=r is T and
(p=q9)A(q=r) is F so that
pvq)=r and (p=q)A\(q=r) are
not logically equivalent.
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e.p=(qVr) and ((—r)Ap)=q.

Pla | r | —r]|gqvr|(=nAp | p=(qvr) | ((=r)Ap)=q
T|T| T | F T F T T
T|T|F | T | T T T T
T|F| T | F T F T T
T|F| F | T F T F F
FIT| T | F T F T T
FIT| F | T | T F T T
FIF| T | F T F T T
FIF| F | T F F T T

The truth values of the
combinations the propositions
of the seventh and

the eighth columns are

the same so that

p=(qVr) and (—r)=(p=q)
are logically equivalent.

2. For statements p, q, and r, show that the following compound statements are tautology.

a. p=(pVvq).
p a | pva | p=(pVq)
T T T T
T F T T
F T T T
F F F T

b. (pA(p=9))=4q.
p a | p=q | PANp=1) | (pAlp=19q))=q
T T T T T
T F F F T
F T T F T
F F T F T

c. (p=pA(@=1r))=(p=r1).

p=(pVq is a tautology since all the possible combinations
in the last column are all T

(pA(p=q))=q is a tautology since all
the possible combinations in the last
column are all T

p |a| r |p=4q | g=r | p=r1 | (p=9)Ag=T) | (p=q)\(q=T))=(p=T)
TIT| T T T T T T
T|T|F T F F F T
T|F| T F T T F T
T|F|F F T F F T
FIT| T T T T T T
FIT|F T F T F T
FIF| T T T T T T
FIF|F T T T T T

((p=q9 A\ (gq=r1))=(p=>r) is a tautology since all the possible combinations in the last
column are all T
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3. For statements p and g, show that (pA—q)A(pAq)
is a contradiction.

pA—=q | PAq | (PA-@)A(PAG)
F (pA—q)A(pAq) is a contradiction since the last
column has all the truth values F

||| o
|3 e

J
H"HH"HQ
| m |3 |
|||

F
F
F

4. Write the contrapositive and the converse of the following conditional statements.

a. Ifitis cold, then the lake is frozen.

Contrapositive: If the lake is not frozen then it is not cold.
Converse: If the lake is frozen then it is cold.
b. If Solomon is healthy, then he is happy.
Contrapositive: If he is not happy then Solomon is not healthy.
Converse: If he is happy then Solomon is healthy.
c. Ifitrains, Tigist does not take a walk.
Contrapositive: If Tigist takes a walk, it doesn't rain.
Converse: If Tigist doesn't take a walk, it rains.

5. Let p and q be statements. Which of the following implies that pvq is false?

pVq is false means p is True and q is False so that:
a. —pV—gq is false.
—pis Fand —qis T which implies F v T which implies T so that —pv—qis T

b. —pvgq is true.

This means F or F which is F
Cc. —pA—q is true.

This means F A T which is F
d. p=>qistrue.

This means T implies F which is F
e. pAqis false.
This means T and F which is F

So for in general for question number 5, the answers areb, ¢, d, e
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6. Suppose that the statements p, q, 7, and s are assigned the truth values T,, and T, respectively.

Find the truth value of each of the following statements.

a. (pvq)vr.
(TVF)VF which gives TVF and gives T
b. pv(qVvr).

TV(FVF) which gives TVF and gives T
c. r=(sAp)
F=(TAT) which gives F=T which also gives T
d. p=>0=s).
T=(F=T) which gives T=T which also gives T
e. p=>(rvs).
T=(FVT) which gives T=T which @so gives T
f.  (pvr)S(rads).
(TVF)< (FAF) which gives T<F which also gives F
g  (sep)=(Dpvs).
(TeT)=(FVT) which gives T&T which also gives T
h. (gNds)=(p&s).
(FAF)=(T<T) which gives F=T which also gives T
i. (ras)=(p=(BqVs)).
(FAT)=(T=(TVT)) which gives F=(T=T) which also gives T=T and also gives T
i (pv@q)Vr=(sA@s).
(TVT)VF=(sA@s) which gives F=(T=T) which also gives T=T and also gives T
7. Suppose the value of p=q is T; what can be said about the value of -pAq&=pVvq?

p=q is T has three cases whicharepis Tand qis T; pisFand qis T;; pis Fand qis F
Case 1):- When pis T and q is T then —pAg<pVq means FAT<TVT which is F & T which is F
Case 2):- When pis F and q is T then -pAq<pVvqg means TAT<STVT whichis T & T whichis T
Case 3):- When pis F and q is F then —pAq&pVq means TAF<FVF which is F & T which is F

Therefore, -pAq<pVq has a truth value of either T or F
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8. a. Suppose the value of p&q is T; what can be said about the values of p&—q and —p<q?
p<qis T means p and q have the same truth value
Which meanspisTandqisT orpisFandqisF
Therefore, when pis T and q is T then p&—q means T<F and —-p&q means F&T
which means F

And, when pis F and q is F then p&—q means T<T and —-p&q T<ST which means T

b. Suppose the value of p&q is F; what can be said about the values of p&—q and —p<q?

p<q is F means p and q have different truth values
whichmeanspisTandqisF orpisFandqisT
Therefore, when pis T and q is F then p&—q means T&T and —p<q means F&F
which means T

9. Construct the truth table for each of the following statements.

P | q [p=q]| p=0@=9
T | T T T
T | F F F
F | T T T
F F T T

b. (pvq)=(qVp).
P q |pvq qvp (pvg)=(qVp)
T | T | T T T
T | F | T T T
F | T | T T T
F F F F T

c. p=—(qAr
p q r | gAr | =(gAr) | p=-(qAT)
T | T | T T F F
T | T | F F T T
T | F | T F T T
T | F F F T T
F | T | T T F T
F | T | F F T T
F F | T F T T
F F F F T T
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d. p=q)=(—pVvq).

P | a4 | —p| pr=9 —pVq (r=9)=(-rvqg)
T | T | F T T T
T | F | F F F T
F | T | T T T T
F | F | T T T T

e. (p=(qAr))V(—pAQ).

P | g9 | r | —p | 9Ar | —pAq | p=(qAr) | (p=(gAr))V(—pAq)
T | T /| T F T F T T
T | T/|F F F F F F
T|F | T F F F F F
T | F | F F F F F F
F | T | T T T T T T
F | T|F T F T T T
F | F | T T F F T T
F | F | F T F F T T

f. (pAQ)=((gA—q)=(rAQ)).

P Q| T | =q| PAG | gA—q | TAQ | (GA—=)=(AQ) | (PAQ=((gA—=q)=(rAq))
T|T|T| F T F T T T
T|T|F | F T F F T T
T|F|T| T F F T T T
T|F|F|T F F F T T
F|T|T]| F T F T T T
F|T|F| F T F F T T
F|F|T| T F F T T T
F|F|F| T F F F T T

10. For each of the following determine whether the information given is sufficient to
decide the truth value of the statement. If the information is enough, state the truth
value. If it is insufficient, show that both truth values are possible.

a. (p=q)=r, where r=T.

r =T is sufficient to determine the truth value of (p=q)=r

since when r =T, whatever the truth value of p=q is, r =T gives (p=q)=ris T
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b. pA(q=1), where g=r=T.
q=7r=T is insufficient to determine the truth value of pA(q=71)
Since when qg=r=T, the truth value of is pA(q=7) either T or F depending the
truth value of P, i.e,, when g=r=T; pis T, then pA(q=r1)is T
when q=r=T; pis F, then pA(q=r1) is F
c.pv(q=r), where g=r=T.
q=7r=T is sufficient to determine the truth value of pv(g=r)
since when q=r=T, whatever the truth value of pis, =r=T gives pv(qg=71)is T
d. —(pvg)=(—pA—q), where pvqg=T.
pVvq=T is sufficient to determine the truth value of —(pvq)= (—pA—q)
Since pvg=T means —(pVvq)is F and (—pA—q)=—-(pVq) is F
so that (—=pA—q)=—-(pVvq) is T
e. (p=q9)=(—q=—p), where q=T.
q=T is sufficient to determine the truth value of (p=q)=(—~q=—p)
Since q=T means p=qisT; —qisFand -q=—-pisT
and hence (p=q)=>(—q=—p) is T
f. (pAqQ)=(pVs), where p=T and s=F.

p=T and s=F are sufficient to determine the truth value of (pAgq)=(pVs)
Since p=T and s=F means pVs is T and (pAq)=(pVs) is T whatever the truth
value of pAq is.
Even, only p=T is sufficient to determine the truth value of (pAq)=(pVs),
Since p=T means pVs is T for any truth value of s,

and pVs is T means (pAq)=(pVs) is T for any truth value of pAq

Join Us On Telegram @Qesem_Universi


Join Us On Telegram @Qesem_University


Solutions/Answers to Exercises of pages 19-20

1.

o

In each of the following, two open statements P(x,y) and Q(x,y) are given, where the domain

of both x and y is Z. Determine the truth value of (x,)=Q(x,y) for the given values of x and y.

(x,):x2—=y?2=0.and Q(x,y):x=y. (x,y)€{(1,—1),(3,4),(5,5)}.
(x,):x2—y?=01is F since when (x,)=(3,4); x?—y?= 32—42=9-16=-7#0 and
(x,):x=y is F since when (x,)=(3,4); 3=4is F
Therefore, (x,y)=Q(x,y) means F=F whichis T

P(x,y):|x|=]yl. and Q(x,y):x=y. (x,y)€{(1,2),(2,~2),(6,6)}.

(x,):]x|=|y| is F since when (x,)=(1,2);|1|#|2| and
(x,):x=y is F since when (x,)=(1,2);1+2
Therefore, (x,y)=Q(x,y) means F=F whichis T

(x,):x2+y?=1.and Q(x,y):x+y=1. (x,y)€{(1,—1), (—3,4), (0,—1), (1,0)}.
(x,): x24+y?=1is F since when (x,)= (—3,4); (-3)24+42=1isF and
Q(x,y): x+y=11is F since when (x,y)= (1,0);0=11is F
Therefore, (x,y)=Q(x,y) means F=F whichis T

Let O denote the set of odd integers and let (x):x2+1 is even, and (x):x2 is even. be open statements over the
domain 0. State (Vx€0)(x) and (3y€0)Q(x) in words.
For every odd integer x , az+1is even

and there is a an odd integer y such that yz is even

3. State the negation of the following quantified statements.

a. For every rational number r, the number 1/ris rational.

Not for every rational number , the number 2+ is rational.

OR, For some rational number , the number 1 is not rational.

b. There exists a rational number r such that r2=2.

Not there exists a rational number 7such that 7z=2.

OR, For every a rational number , 7z#2.
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5n-6

4. Let (n): is an integer. be an open sentence over the domain . Determine, with explanations, whether the

following statements are true or false:
a. (Vnez)(n).

5n-6 5x1-6 -1

(V€Z)(n) is False since for n=1e Z such that s 3 Is not an integer.

b. (IneZ)(n).

5n-6 5x0-6 -6 , .
= =— =-2 isan integer.

(Fn€Z)(7) is True since n=0¢€ Z such that 3 3

5. Determine the truth value of the following statements.
a. (Ax€R)(x*—x=0).

True (when we take x=1 ; #*~+=0 which means 7°— 7=1—1=0
b. (VxeEN)(x+1>2).

False (when we take x=—10 ; x+1=—10+1= — 9> 2 is false)

(VXER)({/X? =x).
False (when we take x=—1 ; \/X>2:w/(—1)2 :\/Izli Xx=-1)

(Ax€Q)(3x*—27=0).
True (when we take x=3 ; 34— 27=3(3%)—27=27—27=0)
c. (IxeR)(IyeR)(x+y+3=8).
True (when we take x=3 & y=2 ; x+y+3=3+2+3=8)
d. (Ax€R)(IyeR)(x*+y*=9).
True (when we take x= \/§ & y=1; x*+y’= <\/§ )2 +1°=8+1=19)
e. (VxeR)(FyeR)(x+y=5).
True (since x is chosen first, we can determine a single y=5-x so that x+y = x+5-x=5)
f. (3xeR)(VyeR)(x+y=5)
True (sincey is chosen first, and then we vary x arbitrarily after y is determined, x+y=5 can’t be
true like when we fix y=0, x could be any real number like 100, 0, -21 that makes x+y=5 false )

e

=

6. Consider the quantified statement
For every x€A and y€A, xy—2 is prime.
where the domain of the variables x and y is A={3,5,11}.
a. Express this quantified statement in symbols.
Let P(x, y): xy—2 is prime
(Vx€A) (VyeA)P(x,y) or (Vx€eA) (Vy€A) (xy—2is prime).
b. Is the quantified statement in (a) true or false? Explain.

True

10
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— [(Vx€A) (VyeA)P(x, y)] or [(Vx€A) (Vy€eA) (xy—2 is prime].
OR [(3x€A) (3yeA) —P(x, y)] or [(3x€A) (3y€A) —( xy—2 is prime].
d. Isthe negation of the quantified in (a) true or false? Explain.

Itis False

since (Vx€A) (VyeA)P(x, y) or (Vx€A) (Vy€eA) (xy—2is prime). is True

and the negation of True is False
7. Consider the open statement (x,):x/y<1. where the domain of x is A={2,3,5} and the
domain of y is B = {2,4,6}.

a. State the quantified statement (Vx € A)(3y € B)P(x, y) in words.
For every x€A and for some y€B, x/y<1.

b. Show quantified statement in (a) is true.
Since y is determined just after x is chosen like when x=5, we can determine y=6 so that
x/y=5/6<1Iis true.

8. Consider the open statement (x, y): x — y < 0. where the domain of x is A = {3,5,8} and the domain
of yis B ={3,6,10}.
a. State the quantified statement (3y € B)(Vx € A)P(x, y) in words.
There is a y in B which stands to every xin A such thatx —y <0
b. Show quantified statement in (a) is true.
Let y=10, then for each x in A,

i.e.,, x=3, x=5, or x=8 , x—y =8-10 = —2< 0, x—y =5—-10=-5< 0,, x—y =3—-10=—-7< 0
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Solutions/Answers to Exercises of pages 24-25
1. Use the truth table method to show that the following argument forms are valid.

i. —p=-q, q |—p.
It is to check whether ((—p=—-q)Aq) = p is tautology or not

Pl A |—p|—q| —p=-q | (=p==9)Ag (Ep==rp = p
T|T| F|F T T T
TIE]F | T T F T
FIT| T F F F T
FIE| T T T F T

Since ((-p=—-9)Aq) = p is a tautology, —-p=—q.,q |—p is valid
ii. p=—p,,=q |——|r.
It is to check whether {[(p=—p)Ap]A(r=>q)} = —r is tautology or not

Pla|r| —p | p=-p | (p==-prp | r=9q [(p=—p)rp]r(r=9) {{p=-p)rpInr=q)} = —r
T|T[T| F F F T F T
T|T[F| F F F T F T
T|F[T| F F F F F T
T|F[F| F F F T F T
FlT|T| T T F T F T
FIT|F| T T F T F T
FIFE|T| T T F F F T
FIF|F| T T F T F T

Since {[(p=—p)Ap]A(r=>q)} = —r is a tautology, p=—p,p.r=9q |-ﬁr is valid
It is to check whether {[(p=q) A(—r=—q)]}=(—r=—p) is tautology or not

Plglr|=p|—=g|—r|p=q| ~r=-q | r==p | p=9 rr=-9) | {{(p=9 Ar=-}=(r=-p)
T|T|[T|F|F|F T T T T T
T|T|[F|F|F [T T F F F T
T|F|[T|F|T/|F F T T F T
T|F[F|F | T[T F T F F T
FIT|T|T|F|F T T T T T
FIT|F|T|F | T T F T F T
FIF|T| T[T /|F T T T T T
FIF|F|[ T[T |T T T T T T

Since {[(p=q) A(—r=—q)]}=(—r=—p)is a tautology, p=q, -r=—q |-—|r$—|p is valid

iV. —1V—s,( —=s=p)=r | —p.
It is to check whether{ (—rV—s)A[( —s=p)=>r]} =—p is tautology or not

=

—rV=s | —s=p | (ms=p)=r | (rV=s)A[(=s=p)=r] | { (-rV=s)A(—s=p)=r]} =-—p

mimim|m (| H[o
e e e i e e e B

||| ||
—l—l—|—|'|'|'|'|'|'|'|'|_-|c
—|4|m|m|—|4|n|n|d

||| n|—|7n|
—|—=|=[n|=a|=|=[m
|| ||| 4|4

—A|T|H|d|T|mH|H
— T |T|m|{m|H[T
e e e e N e N e U e N |

Since { (—rv—s)A[( —s=p)=r]} =—p is a tautology, —rV—s,( =s=p)=r |— —p is valid
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V. p=q, —p=71,=s F ~q=s.

It is to check whether [(p=q) A (—p=71) A (r=>s)] =(—q=>s) is tautology or not

plQ|r|s|P=q | p=r| r=s | p=2Ap=1)A=s) | aq=s | [@=9) A (mp=71) A (r=s)] =(-q=s)
T T[T T T T T T T T
T|T|T[F T T F F T T
T|T|F|T T T T T T T
T|T|F[E T T T T T T
TIF|T|T F T T F T T
TIF|T[F F T F F F T
TIF|F|T F T T F T T
TIF|F[F F T T F F T
FIT|T]|T T T T T T T
FIT|TI|F T T F F T T
FIT|F|T T F T F T T
FIT|FI[F T F T F T T
FIF|T|T T T T T T T
FIF|TI|F T T F F F T
FIFIF|T T F T F F T
FIF|IFI|F T F T F F T

Since [(p=q) A (—p=7) A (r=>s)] =(—~q=>s) is a tautology, p=q, —-p=1,r=s |——|q=>s is valid

2. For the following argument given a, b and ¢ below:
i. Identify the premises.

ii. Write argument forms.

iii. . Check the validity.

Answers

i. Identify the premises.

a. The following are premises:

If he studies medicine, he will get a good job.
If he gets a good job, he will get a good wage.

He did not get a good wage.
b. The following are premises:

If the team is late, then it cannot play the game.
If the referee is here, then the team is can play the game.

The team is late.
c. The following are premises:

If the professor offers chocolate for an answer, you answer the professor’s question.
The professor offers chocolate for an answer.

ii. Write argument forms.
a) Let p: he studies medicine
g: he will get a good job

r: he will get a good wage

Then

p=q

q=r
—I

Y

13



b) Let

C) Let

p: the team is late

iii. Check the validity.

a)

p=q
q=r

_ b

—p

b)
p=-q

—r

C)

p=q

Then

g: the team can play the game p=—q
r: the referee is here _pr
Then
p: the professor offers chocolate for an answer
: p=q
g: you answer the professor’s question p
q
plag|r| —p|—-r|p=>q| qg=r | (p=r@=>)Ar-r | [(p=9A(@=1)A—r]=—]p
T|T|T F F T T F T
TI|T|F F T T F F T
TIF|T F F F T F T
T|IF|F F T F T F T
FITI|T T F T T F T
FIT|F T T T F F T
FIF|T T F T T F T
FIF|F T T T T T F

Since [(p=9)A(q=T1)A—r]=—p is not a tautology, the argument formed is not valid.

Pla|r| —-q|-r|p=-q| @E=-Drp | [p=—-PAq]=-r
TIT|T] F | F F F T
TITIF] F | T F F T
TIFIT] T F T T F
TIFIE] T |7 T T T
FIT[T|] F [ F F F T
FITIF] F | T F F T
FIF[T] T | F F F T
FIFIF] T | T F F T

Since [(p=—q)A q]=-r is not a tautology, the argument formed is not valid.

Pla| r=q | »=Drp | [P=D~rq]=q
T[T T T T
T|F F F T
FIT T F T
FIF T F T

Since [(p=9) A q]=>q is a tautology, the argument formed is valid.

14



3. Give formal proof to show that the following argument forms are valid.

a.—p=-q,q kp.
We want to show the following is valid:
q
p
(1) qistrue premise
(2) -p=—q istrue premise
(3) g=pistrue Contrapositive of (2)
q
(4) Therefore, =P is valid by Modes Ponens and hence —p=-q is valid
p
b. p=-q,pr=q F-r.
We want to show the following is valid:
Y
pP=—q
=q9
—r
(1) p=—q istrue premise
(2) p istrue premise
(3)
Y
P :;ﬁq is valid Modes Ponens (Meaning —( is true)
(4)
Y
pP=—q —q
r=49 - =49 from (3) above
_lr -
)
p
r=q r=a

is valid by Modes Tollens and hence is valid

—r —r



C.

p=q,—~1r—>—q F—-r=-—p.
We want to show the following is valid:

- = —(q
P=q
= -=p
(1) =r=-—q istrue Premise
(2) p=q is true Premise
(3) =g =—p istrue Contrapositive of (2) above
(4) Therefore, to check the validity of:
- = —(Q - = —(q
= —(0 = —
_P=4 is the same as checking the validity of —4=P
—F=-p —F=-p
(5) So,
- = —(q
- = —
4=-P is valid by principle of Syllogism
—r=-p
d. —rA=s,(—s=p)=1 F—p.
We want to show the following is valid:
=l A—=S
(ws=>p)=r
—p
(1) —=rA—s is true Premise
(2)—r is true Principle of detachment from (1) above
(3) So,
=l A—=S —=r

(ws=>p)=r (ns=p)=>r

becomes from (2) above
—p —p
(4)
=r
(_' = p):> ' by Modes Tollens
—(=s=p)
)

— (—|S = p)E — (S \Y p) = —SA—P by equivalence property

(6)

—p is true Principle of detachment from (5) above
= A—=S
—S r
(7) Therefore, ( :>pp) = is valid

16
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e. p=,~p=>rr=S F—-g=s.

We want to show the following is valid:
p=
—p=r
r==:S Ly . .
————  which is wrong (incomplete) question
—q =5

—pVq,r=p,r Fq.
We want to show the following is valid:

—pvq
r=p
r
q
Dr is true premise
(2) r= p istrue premise
(3)
r
= is valid Modes Ponens
p
4) =pvg= p=>q By principle of equivalence
5)
—pvq
r=p P
r becomes g
q q
(6)
=q . :
——— isvalid by Modes Ponens
q

(7) =pA—q,(qVr)=p F—r.

(B8)p=(qVr),—rp Fq.

17
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i. .q=—p,=p,—q k.
We want to show the following is valid:

r=p
—9
r
(D —( istrue  Premise
(2) —Q = —Pp istrue Premise
(3)
—q
—d :;—|p is valid Modes Ponens
(4)
r=p =P
—4 becomes r=1p
r r
(5)
- p
r=p

is valid by Modes Tollens

4. Prove the following are valid arguments by giving formal proof.
a. If the rain does not come, the crops are ruined and the people will starve. The crops are not ruined or the
people will not starve. Therefore, the rain comes.
Let  p: The rain comes
g: The crops are ruined
r: The people will starve
Hence:
—p=(qAT)
—gqv-r

P

(1) =qv—r istrue premise

(2) = (g AT) is true properties of equivalence



(3)

—p=(qAr) —p=(qAr) —~(gAr)
_ =4V =T hecomes =(qar) or —P=(qnar)
p p p
(4)
—(anar)
—P=@A"N jsvalid Modes Tollens
p

c. Ifthe team is late, then it cannot play the game. If the referee is here then the team can play the game.
The team is late. Therefore, the referee is not here.
Let p: The team is late
g: It can play the game

r: the referee is here

Hence:
p=—q
r=49g
p
—r
@ p is true Premise
(2) p=>—q istrue Premise
3)
p
P==0Q jsvalid Modes Ponens
—q
(4)
p=—q
r=9q r=9q —q
P pecomes 4 o r=4q
—r —r —r
(5)
—(
g is valid Modes Tollens

—=r



Solutions/Answers to Exercises of pages 29-31

1. Which of the following are sets?

a.1,2,3
Not a set since the elements are not contained by braces.
b. {1,2},3
Not a set since the element 3 is not contained by braces.
d. {{1},2}3
Not a set since the element 3 is not contained by braces.
e. {1{2}3}
It is a set which has three elements 1,{2},3.
f. {1,2,a,b}.

It is a set which has four elements 1,2,a, b.

Generally, the objects in 1a, 1b, 1c are not sets but 1d and 1e are sets.

2. Which of the following sets can be described in complete listing, partial listing and/or set-builder methods?
Describe each set by at least one of the three methods.
The sets can be described as followed by each question:
a. The set of the first 10 letters in the English alphabet.
(i) Complete listing method as: {a, b, c,d, e, f, g, h,i,j}
b. The set of all countries in the world.
(i) Set-builder method: {x: x is a country in the world}
c. The set of students of Addis Ababa University in the 2018/2019 academic year.
(i)  Set-builder method:
{x: x is a student in Addis Ababa University in the 2018/2019 academic year}
d. The set of positive multiples of 5.
(i) Set-builder method:  {x: x is a positive multiple of 5}
(ii) partial listing method: {5, 10, 15, ...}
e. The set of all horses with six legs.
(i) Set-builder method:  {x: x is a horse with six legs}

3. Write each of the following sets by listing its elements within braces.

a. A={x€L:—4<x<4} A={-3,-2,-1,0,1,2,3,4}
b. B={x€Z:x2<5} B={0,1,4}
c. C={xeN:x3<5} C={1}
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d. ={xeR:x2—x=0} D={0, 1}

e. ={x€R:x?+1=0}. E={}

4. Let A be the set of positive even integers less than 15. Find the truth value of each of the following.
a.15€4 False

b. —16€4 False

C. p€EA True

d. 12cA False

e bowea ras JOIN Us On Telegram @Qesem_Universi

f.{2,3,4}cA False
g.{2,4}€A False
h. pcA True
i. {246}CA False

5. Find the truth value of each of the following and justify your conclusion.
a. p<o True since empty set is the subset of any set.
b. {1,2}<{1,2} True since any set is the subset of itself
C. €A for any set A False since if A={1, 2} the elements of A are only 1 and 2 only but not ¢
d. {¢p}<A, for any set A
False since if A={1} then subsets of A are written as: ¢ €A and {1}<A only but not ¢ }<A
e.5 7<{5,6,7, 8} False since 5, 7€{5, 6, 7, 8}but not 5, 7c{5, 6, 7, 8}
f. pe{{o}} False since pe{¢}but not pe{{p}}
g. Forany set A, AcA
False since for any two sets A & B, B cA means (Vx)(x€B= x€A and Jy €A buty ¢B)
OrBcA = BCcCAhutA+B
h. {¢} =0 False since {¢} has one element which is ¢ but ¢ has no any element

6. For each of the following set, find its power set.
The proper subsets are described below each question:

a. {ab} ¢
b. {1, 1.5} ¢, {1}, {1.5}
c.{a, b} ¢, {a}, {b}

d.{a, 0.5, x} ¢, {a}, {0.5}, {}
7. How many subsets and proper subsets do the sets that contain exactly 1,2,3,4,8,10 and 20 elements have?
To determine the number of subsets and proper subsets of the given set, first it is better to determine the
number of elements of the set which is 7.
Therefore the number of subsets is found by 2" = 128
and the number of proper subsets is found by (2) —1 =128 — 1 = 127
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8. If nis a whole number, use your observation in Problems 6 and 7 to discover a formula for the number of
subsets of a set with n elements. How many of these are proper subsets of the set?
Number of subsets a set with n elements is 2"

Number of subsets a set with n elementsis (2") -1

9. Is there a set A with exactly the following indicated property?
a. Only one subset
Yes, A=¢ has exactly one subset which is ¢ itself,
or n(¢p) = n(A) =0 and number of subsets of A is 20=1
b. Only one proper subset
Yes, A={1} has exactly one proper subset which is ¢,
or n(A)= 1 and number of proper subsetsof A=(21)-1=2-1=1
c. Exactly 3 proper subsets
Yes, A={1, 5} has exactly three proper subsets which are ¢, {1}, { 5}
or n(A)= 2 and number of proper subsets of A =(22) -1=4-1=3
d. Exactly 4 subsets
Yes, A={1, 5} has exactly four subsets which are ¢, {1}, { 5}, {1, 5}
or n(A)= 2 and number of subsets of A = 22 =4
e. Exactly 6 proper subsets
No, there is no set A such that n(A) =nand (2") - 1 =6 which means (2») =7

Since /7 =2 for any neN
f. Exactly 30 subsets

No, for n(A) = n, then 2" = 30 = there is no such neN such that ¥/30=2
g. Exactly 14 proper subsets

No, if n(A) = n, then (2") — 1 = 14 =2" = 14+1=15 = there is no such ne N such that f{/ﬁzZ
h. Exactly 15 proper subsets

Yes, A={1, 2, 3, 5} has exactly 15 proper subsets
Since n(A) =4 = (2") - 1=15=2"=15+1 =16 =2*= 16 is true

10. How many elements does A contain if it has:
a. 64 subsets?

2"=64 = 2" = 2% = n=6is the number of elements of set A.
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b. 31 proper subsets?
(2 -1=31= 2"=31+1=32= 2"=2°= n=5is the number of elements of set A.
c. No proper subset?
(2N -1=0= 2"=0+1=1= 2"=2°= n=0is the number of elements of set A={ }.
e. 255 proper subsets?
(2")—1=255= 2"=255+1=256 = 2" =2%= n=8isthe number of elements of set A

11. Find the truth value of each of the following.

a. pe(p) True
b. For any set A, p<(A) True
c. For any set A,eP(A) True
d. For any set A,cP(A). True

12. For any three sets A, B and , prove that:
a. If ASB and B<C, then ACC.
[(vx)Xx e A= xeB)A (VX xeB=xeC)|=(vx)x e A=>xeC)
b. If AcB and BcC, then AcC.
[{(vxxe A=xeB)A A=BiA{¥x)xeB=xecC)AB=C}|=[(vxx e A=>xeC)r A=C]
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Solutions/Answers to Exercises of pages 36-38

1. If BEA, AnB'={1,4,5} and AUB={1,2,3,4,5,6}, find B.

n(ANB’) = n(A) - n(B) = 3

n(A) = 3 +n(B)

since BEA then ANB = B which means n(ANB) = n(B)
n(AUB) = 6

n(A) + n(B) = n(AUB) + n(ANB)

3 +n(B) +n(B) = 6 + n(B)

n(B) + n(B) - n(B) =6 -3

n(B)=3

2. Let A={2,4,6,7,8,9}, B={1,3,5,6,10} and C={ x:3x+6=0 or 2x+6=0}.

a. AUB.
AUB ={2,4,6,7,8,93U{1,3,5,6,10}=={1, 2.3, 4,5, 6, 7, 8, 9, 10}
b. Is (AuB)UC=AU(BUC()?

Yes which holds by associative property of union, U

3. Suppose U= The set of one digit numbers and

A={x: x is an even natural number less than or equal to 9}

Describe each of the sets by complete listing method:

First let us determine U: U={0,1, 2, 3,4,5,6, 7,8, 9} and A: A={2,4,6, 8}

Then:

a. A'. A'={0,1,3,5,7,9}

b. ANA'. ANA'={}=¢

c. AUA'. AuA'=U={0,1,2,3,4,5,6,7,8,9}

d. (4" (A =A=1{2,4,6,8}

e. p—U. p-U=¢

f. ¢’ ¢'=U-¢p=U={0,1,2,3,4,5,6,7,8, 9}
9. U’ U'=U-U=¢

Find
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5. Use Venn diagram to illustrate the following statements:
a. (AUBY=A'NB'.

b.

d.

A

The shaded region is (AUB)=A'NE"

(ANB)'=A'UB'.

A

The shaded regionis (ANEB)Y=A"UE

If AZB, then A\B#¢.

The shded region is:
A\B¥¢ where AZE
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d.AuA'=U.

The shaded region is:
Aud=Uy

6. Let A={5,7,8,9} and C={6,7,8}. Then show that (A\B)\C=A(B\C).
What is the operation between set A and (B\() and what is B ? [J{fERT 0 ¥efe [LES s (0N

Anyway, let us start from (A\B)\ and arrive at an equivalent conclusion using the properties

(A\B)\c=(ANB’) NC’ definition of relative complement of sets
= AN(B’NC’)=AN(BUC)Y’ property of complement of U, union
= AN(BUC)’=A\(BUC) definition of relative complement of sets

7. Perform each of the following operations.

a. pn{¢} ¢n{¢}= ¢

b. {¢.{¢}} - L{e}} {®9}} - {{op}}={9}
c. {p.{¢}} - {¢} {®{¢}} - {9}={{o}}
d {{¢}}} - ¢ {t{o}} - o={t{e}}}

8.Let U ={2,3,6,89,11,13,15}, A = {x|x is a positive prime factor of 66}
B={ xeU| x is composite number } and C = {x€U| x - 5€U}. Then find each of the following.

ANB, (AUB)NC, (A - B)UC, (A-B)-C,A- (B -C),(A-C) - (B-A), AnB'NC’

Given
U ={23,6,8911,13,15} A={2,3,11} B={6,8,9,15} C={8,11,13}
ANB = ¢ (AuB)NC={2,3,6,8,9,11,15 }n{8, 11,13} ={8, 11}

(A-B)uC = {2, 3, 11}u(8, 11, 13}={2, 3,8, 11, 13}

(A-B)-C={2,3,11}-{8,11,13}= {2,3}
A-(B-C)=2,3,11}-{6,9,15}={2,3,11}

(A-C)-(B-A)={2,3}-={6,8,9,15} ={2,3}

ANB'NC ={6,8,9,13,15}n{2, 3,11,13}n{2, 3, 6,9, 15}= ¢
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9.Let AUB={a,b,c,d, e x,y,z}and ANB = {b, e, y}.

We recall the following: B-A=BNA’=(AUB)-A and A-B=ANnB' = (AUB)-B

a.lf B-A={x,z},then A=
A={ab,cdey}

b.If A- B=¢,then B =

B={a b, cd e x v z}
c.If B={b,e,y z}, thenA-B =
A-B={a.cd x}

10. LetU ={1, 2, .., 10}, A={3,5,6,8,10}, B={1, 2,4,5,8,9},C={1, 2,3,4,5, 6,8} and
D={2,3,5,7,8,9}.
Verify each of the following.
a. (AuB)UC = AU(BUC).
(AUB)UC = AU(BU()={{1, 2,3,4,5,6,8,9,10}
[Associative property of U]
b. AN(BUCUD) = (ANB)U(ANC)U(AND)= {3,5,6,8}
[Distributive property of N over U]
c. (AnNBNCND)’'= A’'UB’'UC’'UD’ = {5, 8}
[Distributive property of absolute complement over N]
d.C-D=CnD’"={1,4, 6}
[Property relating relative complement and absolute complement]
e. AN(BNC)'=(A-B)U(A-C)={3,6,10}

[Property relating distributive property of absolute complement over N and relative complement]

11. Depending on question No. 10 find.
a.AAB

AAB=(A-B)UB-A)={1,2,3,4,6,9,10}
b.CAD=(C-D)u(D-C)={1,4,6,7}
c.(AAC)AD

LetM=AAC=(A-C)U(C-A)={1,2,4,10} D=D={2,3,5,7,8,9}.
Then (AAC)AD=MAD=M-D)uU((D-M)={1,3,4,5,7,8,9, 10}
Therefore, (AAC)AD ={1,3,4,5,7,8,9,10}
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d. (AUB)\(AAB)
AUB)\ (A A B) = (AUB) n (A A B)’= (AUB) N [(4 UB)-(ANB)]’= (AUB) N [(A UB) n (ANB)']’
(AUB) N [(A UB)’ U (ANB)] = [(AUB) N(A UB)’] U[(AUB) N(ANB)]= ¢ U(ANB)
= AnB = {5, 8}
12. For any two subsets A and B of a universal set U, prove that:
a. AB=BAA.
AAB=(A-B)U(B-A)=(B-A)U(A-B)=BAA
b.AAB = (AUB) - (ANB)= (BUA) - (BNA)=BAA.
AAB=(A-B)UB-A)=(ANnB )UBNA")=(AUB) Nn (ANB)'= (AUB) - (ANB)
c.AA¢=A.
AA p= A= (AU @) - (AN )= A- p= AN ¢'= AN U=A
dAAA=¢
AAA=(AUA) - (ANA)=A- A= ANA'=¢
13. Draw an appropriate Venn diagram to depict each of the following sets.
a. U = The set of high school students in Addis Ababa.
A = The set of female high school students in Addis Ababa.

B = The set of high school anti-AIDS club member students in Addis Ababa.
C = The set of high school Nature Club member students in Addis Ababa.

high school students in Addis Ababa

female high school
students in Addis &b

Ababa
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b. U = The set of integers.
A = The set of even integers.

B = The set of odd integers.
C = The set of multiples of 3.

D = The set of prime numbers.

Integers

=

B Odd integers
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Unit TWO

Solutions/Answers to Exercises 2.1 of page 47

1. Find an odd natural number x such that LCM (x, 40) = 1400.
Solution:- xisodd meansx =2n+1, ne N
Let GCF(x,40) =g
Therefore, 1400g= 40x = 40(2n+1)

1400 X

40 2ne1 2041
When n=1, x=35(2x1+1) = 35x3 = 105 which is odd
When n=2, x=35(2x2+1) = 35x5 = 175 which is odd
When n=1, x=35(2x3+1) = 35x7 = 245 which is odd

= x=35(2n+1)

Ina .similar way, the odd natural number x such that LCM (X, 40) = 1400 is the number
X=35(2n+1), neN
2. There are between 50 and 60 number of eggs in a basket. When Loza counts by 3’s, there are 2 eggs left over.
When she counts by 5’s, there are 4 left over. How many eggs are there in the basket?
Solution:- Let the number of eggs be n, 50 <n <60 , X & y are number of counts
Then n = 3x+2 = 5y+4
i.e., N = 3x+2 =50 <Bx+2 <60=48 <3x <568=48/3 <x<58/3=>16 <x+ <19.333 ...=16 <x+ <19
n= By+4=>50 <Sy+4 <60=>46 <5y <56=>46/5<y <56/5=>46/5<y <56/5=9.2<y <11.2=>9<y <11
=3x+2=5y+4 =3x-5y=4-2=3x-5y=2
When x=16, 3(16)-5y=2=>48-2=5y—=46=5y—=46/5=y not counting number
Proceeding in a similar way, when x=19, 3(19)-5y=2=57-2=5y=55=5y=55/5=y=11
Therefore, there are n = 3x+2=3(19)+2=59 eqggs

3. The GCF of two numbers is 3 and their LCM is 180. If one of the numbers is 45, then find the second number.

Solution:- Let the second number be y, then 3x180=45y = y=540/45=12 = y=12
4. Using Mathematical Induction, prove the following:
a) 6" - 1is divisible by 5 forn >0
Proof:-
(1) Forn=0, 6° - 1=1-1=0 is divisible by 5 is true and
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for n=1, 6" - 1=6-1=5 is divisible by 5 is true
(2) Assume for n=k, 6 - 1 is divisible by 5 is true i.e., ImeW such that 6* - 1=5m
We should show that it is true for n = k+1,
Claim:- 6**! -1 is divisible by 5 or 3de W such that 6*** - 1= 5d
Now 6% - 1= 5m = 6 =5m +1
—6. (6“)= 6(5m+1) = 6(5m) +6
= (6"Y) ~ 1=6(5m) +6 - 1 Join Us On Telegram
= (67~ 1266m) +5 @Qesem_University
= (6") — 1 =5[(6m) +1], me, 6meW, (6m+1)eW -
=(6*"") — 1 =5d, where d=[(6m) +1]eW is true
Therefore, 6" - 1 is divisible by 5 for any n >0
(3) b)2"<(n+1)!, forn=0

Proof:- For n=0, 2° < (1+0)! = 1< 1! = 1< 1 is true and
for n=1, 2' < (1+1) | = 2< 21 = 2< 2is true

Assume that it is true for n = k i.e., 2¢< (k+1)!
We should show that it is true for n = k+1
Claim:- 29 < [(k+1) +1]!= [(k+2)!
Now, 25 < (k+1)! = 242 )< 2(k+1)! < (k+2)(k+1)! Since 2 < k+1 < k+2
= 252 )= 2! < (k+2)(k+1)! = (k+2)! = 24! < (k+2)!
c) x"+y"is divisible by x+y , for odd natural number n> 1
Proof:- For n=1, x'+ y' is divisible by x+y is true
Assume that it is true for an odd number n = k
ie., x< +y" is divisible by x+y is true ; since k is odd, 3ImeW such that k = 2m+1
X*+y* = t(x+y) , forsome t e N ,istrue  i.e., x*™ +y?™* = t(x+y) , for some t € N, is true
We should show that it is true for the next odd number n = k+2=2m+1+2=2(m+1)+1
Claim:- x*2 +yk+2) = x@m2:D) 1 2m24) g divisible by x+y is true
or x(@m+2+1) +y(2m+2+1) = y&m+D)+1) +y2(m+1)+1) = d(x+y), for some d € N
— y2m +y2m+1= t(x+y)
= ()0 +Y)Y) = GO+ (T =) T+ 00 - ()
= QO+ (™) AT +W)Y) ) -
= (M) (e y) AT+ (v+x) -0y
=) (e y) ) () )T ™)
= (ot y) Oy = ET) -0 = xky) O YT - ()T - y*™ )
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Here = (xk y) (™ +y2") -G)[0E™) +(7™ )]

= (x+y) (™ +y?™) -(xy)[k(x+ y)] because (x*™) +(y*™") & x*™ +y*™ are is divisible by x+y
M +(y?™ ) = k(x+ y) and X7 +y?" = (™) +(y?™) = r(x+y) where k, reN
= (x+y) (X" +y?™) -(xy)[K(x+ Y)] == (x+y) r(x+y) -(xy)[KOct y)] =0ct Y)[r(xcty) - k(xy)]

which is divisible by x+y since {(x+ y)[ r(x+y) - k(xy)]}(x+y) = r(x+y) - k(xy)
d) 2+4+6+ ... +2n=n(n+1)

= (X

Proof:- Forn=1,2=1(1+1)! = 2= 2 istrue
Assume that it is true for n = k i.e., 2+4+6+ ... + 2k = k(k+1) is true
We should show that it is true for n = k+1
Claim:- 2+4+6+ ... + 2(k+1) = (k+1)(k+1+1) is true
Now, 2+4+6+ ... + 2k = k(k+1)
= 2+4+6+ ... + 2k +2(k+1)= k(k+1)+2(k+1)
= 2+4+6+ ... + 2k 12(k+1)= (k+1) (k+2)
Therefore, 2+4+6+ ... +2(k+1)= (k+1) (k+2) is true
Alternative Way

n

> (2i)=n(n+1)

i=1

Proof:- For n=1, 21:(2)(1)=1(1+1):> 2 _ o istrue
i=1
Assume that it is true for n = k ie., Zk:(ZK):k(k +1) Istrue
i=1

We should show that it is true for n = k+1

Claim:- i(Zk)z(k+1)(k+2) is true
Now, S~ (2k)=k(k +1)

= [_Zk:(zk)]+ 2(k +1) =k(k +1)+2(k +1)

K-+1

= (Z(zk)j:k(k+1)+2(k+1) = Czj(zk)]:(ku)(ku)

i=1

k+1

Therefore, (Z(Zk)}z(k +1)(k +2) istrue (We are done)

i=1
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e) 1’+2°+3% +..+n’= n(n+1)6(2n +1)

1+1)(2x1+1)_6

Proof:- Forn=1,1%= =1 istrue
6 6

o k(k+1)(2k +1)
6

Assume that it is true forn =k i.e., 124+2%+3%+ ... + k is true is true

We should show that it is true for n = k+1

Claim:-

K+1(k+1+1)[2(k+1)+1] _ (k+1)k+2)(2k +3)
6 6

k(k+1)(2K +1)
6

is true

1°42%43% .+ K% + (k+1)%= (

Now, [1*42%+3%+ ... + k%] + (k+1)’= + (k+1)?

k(k+1)(2k +1)+6(k + 1)*
6
(k+1)[k(2k +1)+6(k +1)]
6

(k+1)(2k?+7k +6)
6

(k+1)(2k?+7k +6)
6

(k+1)(k +2)2k +3)
6

(k +1)(k +2)(2k +3)
6

= 1M42%43% .+ K+ (k+1)%=

= 1M42%43%+ .+ K + (k+1)°=

= 1M42%43% .+ K+ (k+1)%=

= 1M42%43% .+ K+ (k+1)°=

= 1M42%43% .+ K+ (k+1)%=

Therefore, 1*4+2%+3%+ ... + kK* + (k+1)’== is true

Alternative Way

"o\ n(n+1)2n+1
iz_l:(| ):%
Proof:- For n=1, Zn:(lz )zw
o i-1 6
11+1)2x1+1) 2(3) 6

Forn=1, 1= = =—=1 istrue
6 6

" Zk:(' 2): k(k +1)2k +1)

= 6

Assume that it is true for n = k is true
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We should show that it is true for n = k+1

g(i ) (k +1)k +1+1)2(k +1)+1)

i-1 6

K+
Simplifying RHS i(, 2)= (k+1)(k +62)(2k +3)
i=1

Claim:- is true

is true

Now, iZ:‘(iz)— w

=[S0 e A,y

= (Zk‘,(ﬂ)j +(k+1) = k(k +1)2k +1)+6(k +1)°

i—1 6

= (Zk:(lz)j +(k+1)° = k(k +1)2k +1)+ 6(k+1)2

i1 6
= (z(.)j ey = +1)[k(2k;1)+6(k +1)]
:‘(i(iz)j+(k+1)2=(k+1)(k;2)(2k+3)

=

) 1P+2°+3%+ ...+n3:w
Proof:- Forn=t,1°= 1’ :w :1:%:1 is true

n’(n+1)?

Assume thatitistrue forn=k e, 1®+2°+3%+ . +K’= is true is true

We should show that it is true for n = k+1

(k+1)° (k +1+1)? _ (k+1)(k+2)?

Claim:- 13+2%+3% ... + K + (k+1)*= 1 is true
2 2
Now, [13+2%43% .. + k] + (k+1)= W + (k+1)®
k?(k+1)*+4(k+1)°

= 1542543+ .+ K+ (k+1)’=

4
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(k-+1)2[k? +4(k +1)]

= 13+23+33+ L+ k3 + (k+1)3:

4
2 2
= %4+2%4+3% .+ K+ (k+1)’= (k+1) [k4 +4K + 4]
2 2
= 142243 .+ K+ (k+1)= (k +1)4(k +2)
= 142%43%+ .+ K+ (k+1)= (k+1)(k ;ZXZk +3)
2 2
Therefore, 13+2%+3%+ ... + K3 + (k+1)° = (l(-l_l)# is true
Alternative Way
i(i 2 ): n(n+1)2n+1)
= 6
Proof:- For n=1, i(l2 ): w
i=1
For n=1, 1= 1(1+1)(2X1+1) = 2(3):§=1 is true
6 6 6
k
Assume that it is true for n = k ie., i2)= w
i=1

We should show that it is true for n = k+1

$(7)- (k+1)(k +1+1)2(k +1)+1)

i=1 6

k+
Simplifying RHS i(, 2)= (k+1)k +62)(2k +3)
i=1

Claim:- s true

is true

Now, g(i2)= %M

= (Zk:(lz)j +(k+1)° =M2k+l)+(k+1)2

i=1 6

= (Zk:(lz)j +(k +1)2 _ k(k +1)(2k +1)+ 6(k+1)2

6

= (Zk:(lz)j +(k +:|_)2 _ k(k +1)(2k +1)+ 6(k+1)2

6

is true
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- (i(iz)j sk = rtlk(2k )+ 6k + 1)

6

k
j(z(ig)j+(k+l)2:(k+1)(k;2)(2k+3)
i=1
1 1 1 1 n
)] + + +..+ =
1x2 2x3 3x4 n(n+l) n+1
Proof:- For n=1, i :izl =1is true
1x2 241 2 2
1 1 1 1

Assume thatitistrueforn=k i.e is true is true

., ettt =
1x2 2x3 3x4 k(k+1) k+1

We should show that it is true for n = k+1

: 1 1 1 1 k+1
Claim:- + + +.t + = is true
1x2 2x3 3x4 k(k+1) (k+1)k+2) (k+1)+1

11 1 1 k
Now, + + +..+ =
1x2 2x3 3x4 k(k+1) k+1
1 1 1 1 1 k 1
= + + +..+ + = +
1x2 2x3 3x4 k(k+1) (k+1)k+2) k+1 (k+1)k+2)
1 1 1 1 1 k(k+2)+1

T 1x2 2x3 " 3x4 T KR(k+1) " (k+l)k+2) (k+1)k+2)

1 1 1 1 1 k®+2k +1
= + + +..+ + =
1x2 2x3 3x4 k(k+1) (k+1)k+2) (k+1)k+2)

1 1 1 1 1 (k +1)°
= + + +..+ + =
1x2 2x3 3x4 k(k+1) (k+1)k+2) (k+1)\k+2)

1 1 1 1 1 (k+1)
= + + +ot + =

1x2 2x3 3x4 k(k+1) (k+1)k+2) (k+2)

11 1 1 1 k+1

= + + +..+ + = e are done
1x2 2x3 3x4 7 k(k+1) (k+1)k+2) (k+1)+1 _
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Solutions/Answers to Exercises 2.2 of page 55

2. Express each of the following rational numbers as decimal:
4 -
a) §= 0.444 .= 04

b) 2 008
25

C) % =1.571428571428 ...= 1571428

d) _53 =_56
3

e) % = 0.025974025974 ... 0025974
2. Write each of the following as decimal and then as a fraction:

a) three tenths = 0.3 = 3

10
b) four thousands = 4,000
3. Write each of the following in meters as a fraction and then as a decimal

a) 4 mm= i m=0.004 m
1000
64
b)6cmand4 mm= —— m=0.064 m
1000

4
¢) 56 cm and 4 mm = i m=0.564 m
1000
4. Classify each of the following as terminating or non-terminating periodic
a) % it is non-terminating periodic

since the denominator has the prime factor, 13, different from 2 and 5
in its lowest term

7 N
b) — terminatin
) 10 g
since the only prime factors of the denominator are 2 and 5 in its lowest term
c) 09 terminating
64
since the only prime factors of the denominator is 2 in its lowest term
11 . . o .
d) 50 it is non-terminating periodic

since the denominator has the prime factor, 3, different from 2 and 5
in its lowest term

5 .. — -
e) 2 it is non-terminating periodic

since the denominator has the prime factor, 3, different from 2 and 5
in its lowest term
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5. Convert the following decimals to fractions:

— +1
395_395 011 ~10' ) _5 ,g(100-10 _3.25x100-3.25x10 _3255-325
10" —10 100-10 100-10 90

_325-32_325-32_203  Join Us On Telegram

90 90 90 . .
@Qesem_University

+1 1 o . — _ I
0.314=0.314 0122 ~10')_; 57( 100010 _ 0.314x1000-0.314x10
10*%-10° 1000-10 1000-10

a)

b)

 31414-314 314-3 311

990 990 990

10°2%—10° 1000-1)_0.275x1000-0.275x1
0275=0275 ] =0.275 — —
10°°-10 1000-1 1000-1

_275. 275-0.275 _ 275

999 999
6. Determine whether the following are rational or irrational:

a) 2.75 is rational number which is non-terminating periodic number

c)

b) 0.272727 ... is rational number which is non-terminating periodic number which is 027

c) Jg—ﬁ is irrational number which is neither terminating nor

non-terminating periodic number which is equal to:

a1 V2B~ 1 16 -1 4-1 3 3\/__(15)( 72)
2 V2 2 2 2
=(1.5)(1.4142135..)=2.12132034..
7. Which of the following statements are true and which of them are false?
a) The sum of any two rational numbers is rational
True since the set of rational is closed under addition
b) The sum of any two irrational numbers is irrational
False since for irrational number m and m+ —m =0 is rational number
c) The product of any two rational numbers is rational
True since the set of rational is closed under multiplication
d) The product of any two irrational numbers is irrational

False since for irrational number \/E ,(ﬁ)(ﬁ)zZ is rational number
11. Find two rational numbers between L+ and 1

2
1 1 [2+3
7_'_7

3'2 .6 )_3 and H(EHlj(l}zgzwzg
2 2 12 3N\3) (2){2) 9 4 36 36
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Solutions/Answers to Exercises 2.3 of page 60-61

1. Verify that
. (V2-i)-ib-v2i)=-ai
V2-i)-if-v2i)=—2i=(V2-i)-i+2i?=2-i-i+2(-1)
=V2-i-i-+2 =22 -i-i =0-2i=2i
b, (2,-9)(2,1)=(1,8)

(2,-3)(-2,1)= (2+-3i)(-=2+i)=(2)(= 2)+ (2)(i)+ (- 3i )= 2)+(=3i i)

=—4+2i+6i+-3(-1)=—4+8i +3=—1+8i=-1,8)
N O R

(3.1)(3,- 1)[1 ij (2,1)

510

=(3+i)(3-i) 1+——| =[(3)3)+ (BN—=i)+(i)3)+ (i X—i)=9—3i+3i—(-1) 1.1
5 5 10

=(9+1)[é+%|j=10(g+%ij=(% E.J (2+1)=(2,1)
d. (2+3if—(3i-6)=1+9i

(2+3if - (3i-6)=4+2(2)3i)+3if - (3i—6)=4+12i +9(-1) - 3i +6
=4+6-9+12i —3i=1+9i

2. Show that
a. Re(iz) =—Im(z)
Letz=x+Yyi
Re(iz) =Re(i(x + yi)) = Re(xi+ y(i)*) =Re(xi- y) =—
and —Im(z)=—Im(x+ yi)=Im(-x—yi)=—y
Therefore, Re(iz) =—Im(z)=-y
b. Im(iz)=Re(z) =
Letz=x+yi
Im(iz) =Im[i(x+ yi) |= Im(xi+ y(i)z): Im(xi+ y(i)z): Im(xi+—y)=x
Re(z)=Re(x+ yi)=x
c (z+1f =2°+2z+1 Letz=x+yi
(2417 =(x+ yi+1F =((x + 1)+ yi )’ =(x +2) + 2(x +2)(yi)+(yi)’
=X2 +2 X +1+2xyi+2yi+— y? :(x2 +2X+1— y2)+(2xy+ 2y)i
22 +22+1=(x+ yi) +2(x + yi)+1=x> +2xyi+(yi)* +2x+2yi+1
= X%+ 2Xxyi—y? +2X+2yi +l:(x2 +2X+1— y2)+(2xy+ 2y)i
Therefore (z+1f =22+2z+1= (X? +2x+1—y? J+(2xy+2y)i



3. Do the following operations and simplify your answer.
1421 2-i

T
142 2-i _(5i)1+2i)+(3—4i)2—i)_5i+(6i)2i)+6-3i—8i+(-4if-i)
3-4i 5 (3—4i)(5i) 15i —(4i)(5i)
 5i-12+6-3i-8i—4 5i-3i-8i-12+6-4 —6i-10 (-10-6i )\ 20-15i
B 15i + 20 B 15i + 20 151 +20 _[ 20+15i j(ZO—lSij
_—200+150i~120i+90i* _~200-50i-90 _-290 50i _-58 2.
400+ 225 625 625 625 125 25
S —
@-n2-1(3-i
5 ~ 5i ~ 5i 5
(1-i)(2-i)(3-i) (2-i-2i+i?}3-i) (2-3i-1)(3-i) (@-3i)3-i)
~ 5 551
T3-i-9i+3i> 3-10i-3 -10i 2
¢) (L-i)

@—if =@-i)i-i)a-i)=l—i—i+i*)Ji—i)=(-2i —1)1—i)=(-2i Y1—i)

=—2i+2i°=-2i-2=-2-2i

Lmaginary axis

4. Locate the complex numbers z;+z, and z;-z,, as vectors where
. . 1—— - '/QB -1
a) 2,=2i, Z,=——I /]
A
.2 . 2 . /
2,+2,=21+——I=——I /S _
3 3 I A \— —>Real axis
2/3
1
[magﬁ;laﬁ_; axis
2 -2/3 —ﬁ___3i R
z,-2,=2i (——I)=2i——+l=3l——=——+3l
PN 2
- ”Ral axis

—(-v3-43,1-0)=(243,1)

{64
2,+12, :(—\/§,lg+(\/§ ,0;2(—\/§+\/§ 1+ 0):(0,1)
1 0

0 z=(-31), gz
(



5.

d) z =a+bi, z,=a-ib
z,+2, =(a+bi)+(a—ib)=a+a+bi—bi=a+oi=(a,0)
z,—z, =(a+bi)—(a—ib)=a —a+bi-+bi=0+2bi=(0, 2b)

Sketch the following set of points determined by the condition given below:
a) |z-1+i|=1
Let z = x+yi
1Z -1+i|=1=|(x+yi)-1+i|=1=|(x - 1)+ yi + i|=1=|(x - 1)+ (y + 1)i|]=1

— J(x -1 +(y +1P =1= (x -1 +(y +1F =1
Which represents points on the circle with center (1, 1) and radius 1.
b) |z+i|]<3
Let z = x+yi
z+i|<3=|x+yi +i|<3=|x+(y +1)i| < 3= (x +(y+1)* <3= (xf+(y+1f =<9

Which represents points inside the circle with center (0, -1) and radius 3

¢) [z—-4i|=4
Let z = x+yi

z—4i[24= |[x+ yi —4i[z 4= |x+(y - 4)i[2 4= x> +(y-4) 2 4= x*+(y-4) =16

Which represents points outside the circle with center (0, 4) and radius 4
Using properties of conjugate and modulus, show that

a) z+3i =z-3i

Z+3i =2+3i =z +H0+3i) =z+(0—3i)=z—3i
b) iz=—iz

iz=(i (z)=(0+i)z=(0—i)z =iz

C) (2+i)y =3—4i
(2+i) =4+4i+i® =4+4i-1=3+4i =3—4i

Show that
(~1+i) =8(-1-1i)
(14i) =(1+1 P (-1+1)=0-2i ~1P(-1+i) =(- 20 P(-1+1)

=(—8)(— i)(—1+ i)=8i(—1+ i)= -8i +8i’=—8i—8=—8-8i

Using mathematical induction, show that (whenn=2,3,...))
2, +2,+.+2, =2+ Z,+..+2,

Forn=1:z =z, istrue

Forn=2: 2, +2, :z_1+72 by property of congugate

Assume, itis true forn=k, i.e. Z,+Z,+..+Z, =7+ Z,+..+Z,

We want to prove that itis true for n=k+1, that 2, + 2, +...+2, +Z,,, =2,+ Z,+..+Z, +Z, 4

LetM =27,+72,+..+2, . Then M =27+27,+..+27,
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And M +a:M +2Zy

= +2,+.+2 +7,,=M+2,, =2, +2,+..+7, +7,,
Hence Bt 2o Tt 2y =2+ 2442,
9. Show that the equation |Z— ZO|= I which is a circle of radius r centered at Z, can be written as
2" -2 Re(z Z)+|zo|2 —r?
Correction:-The question must be corrected as |Z|2 -2 Re(z Z_O)+|ZO|2 =r?
Let z=(x,y)and z,=(%,,Y,)

22| =1 =|(x+ yi) = (% + Yoi )= [(x= X )+ (Y= Yoi | = F = (x =%, F +(y — ¥, f
:\/(X_XO)Z"'(y_ yo)2 :\/(X_Xo)2+(y_ 3/0)2

:(X_Xo)z"'(y_YO)ZZ(X_XO)Z"'(Y_YO)Z ' |ZO|2:X§+y§

And |z =x2+y? | zzo=(X+ Yi)X, — Yol )= X% — XYqi + X, Yi—YYo (i | = X% = Xoi + XoYi+ VY,
:>—2Re(z§o):Re(—2xx0+2xy0i—2x0yi—2yy0):—2xx0—2yyo :

12 =(x=% ) +(Y= Yo ) =X2 =20 + X5 + Y7 = 2yy + Yo =X" +y? = 2% —2yY, + %] + Vg

Now |z|2—2Re(zz_0)+|zo|2:x2+y2—2xx0 —2yy, + X2+ Y.

the samewhichmeansthat we are done
And r?= X2 +y? —2xX%X, —2YY,+ X, + Vi
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Solutions/Answers to Exercises 2.4 of page 67
1. Find the argument of the following complex numbers:
3i
—1-i

( 3ij(—1+q:—3neﬁﬁ_—m—3::§i_§

a) z=

—1—i )\ —1+i 1-i2 2 2 2
-3/2 T
arg(z)= arg[_slzj =arg(l) =7
b) 2=(,/3 -i)°

Note :- arg(z" )=narg(z)+2kz ,kis an integerand z" =r"(cosn@+isinng)=r"e'™

Therefore, arg(z)zarg((\@—i)6):6arg(\/§—i):6tan (Tj: (-716)=-

2. Show that:
a)[e”|=1

From ¢’ , r=1,n=1 and |e‘9|:|cose+isin9|=\/(c050)2+(sin)2 =41=1

b) e e

From e, r=1,n=1and frome'’ ,r=1,n=-1
— e = (cos +isin@)= e = (cosO—isin )

and e’ =1"(cos(- 8)+isin(-))=(cos@ —isinH)

Thereforg e’ =e"’ =(cosd —ising)
3. Using Mathematical induction, show that:
el gl ... gl =gl +040) np 3
Proof:-
For n=2,e.e" =(cosd, + ising,)cosd, +ising,) =cos(@, + 6, )+isin(6, + 6, )=’ *
is True

Assume it is True for n=Kk, ie., €'%.e'%.... % _g!00r4)

We wan to provethat it is True for n=k+1, ie., e e ... glth: —g!l0 *0r+6s)

oith gifs .. it :ei(ﬁ +0y+..:46,) s @it aif . aifh gifhs

=(cos(6, + 6, +...+ 6, )+isin(0, + 6, +...+ 6, ))(cos(8,,, ) +isin(6,,,))
:(cos(é?1 FO, 440+ 0, )+isING,+0, 4.1 0, +0,,))=e )

16, i(9 +6’2+...+6'n)

— e'% g% ... gl% g%t —g
is True
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4,

show that:

a) cos36=cos’ #—3cosdsin® @

a) c0s30=c0s(20 + #)=cos20 cosé —sin 20sin &

=(cos? 0 —sin? @)cosO - (2sin O cosd)sin @

=c0s’ 6 —sin®* @cosd - 2sin” Hcosh = cos’ @ —3cosdsin® &

show that:
n+l
1+z+2%+.+2"= , forz =1
1-z
(1+z+zz+ ...+2“X1—z
1+z+2%+..42"= ):
1-z
1+z+2°+ . 42"-z2-2°—-..—-z2"-z"* 1-z"
= , forz#1
1-z 1-z
Find the square root of:

z=9i
. T
z=91=r=9, H:E, n=2,k=0,1

Cy Z(r)i{ei(?ziﬁq:@)i{ei[§+2¥1]:3{ei(z+k”j] since, 6 :% ,n=2

If k=0,C, :3[;(2)}

2

If k:1,Cl:3{ei(z+”)J:3{ei[m] 3(COSST+ISIHST”]=3[_\/§ V2,

—_|_—
2 2
_[=3J2 3/2i
2 2
Therefore, the squarerootsof z=9i are: C;= i i| and C,=———+ ="

Find the cube root of:
z=-8i

z=—-8i=>r=9, 9:37”, n=3,k=0,1, 2

C, :(r)i[ei[iﬁﬁj:@)i[ei(?zyqzz{ei(?zyjj since,f = 3?7[ ,n=3

3(cos£+isin£j [\/_ \/_J (£+3\/§.
4 4 2 2

|
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8.

/4

If k=0,C0=2{ei[2jJ= z(cosgﬂsin%j:z(on):zi
If k=1,C1=2£ei[z+23ﬂ)J=2[ei(@J:2(cos7—”+isin7—”j=2(_—3+1ij=—\/§+2i
6 6 2

(r 4rn (1ix
If k=2, CZ:Z(e[2 3jjzz(e[ 6 )]:Z(COS%HSM%):Z ﬁ—%i}z 3-2i

Therefore, the cube roots of z=-8i are:
C,=2i ,C,=—+/3+2i and C,=3-2i

Solve the following equations:
a) %2 =8i
Let z =x+yi =2° =8I =(x+yi ] =(8i)
=72°=x>+3xyi—3xy’ — Vi :(x3 —3xy2)+(3x2y -~ y3)i:—64
=x%-3xy’ =—64 and3x’y —y*=0
= x* -3xy* =-64 and y(3x2 —yz)zo
= x*-3xy* =—64 and y=0or 3x* —y*=0
=x*-3xy?* =—64 and y=0or 3x* =y?
—x°—3xy?=-64 and y=00r +4/3x=y | y=0or £+/3x =y
y=0,x*-3x(0f =-64=y=0,x"=-64=y=0,Xx=-4 | y_0 x4
y=\/§x,x3—3x(\/§x)2 =—64=> y=+/3x,X° —9x* =—64=> y =+/3X, - 8x° = —64
=y =3x8 =64= y=/3%, X =8= y =+/3x,Xx=2= y=2/3,x=2
y=—\/§x,x3—3x(—\/§x)z = —64= y=—+/3x,x* —9x® = —64=> y =—/3x,-8x* = —64
—y=—+/3%,8=64= y=—+/3x, X} =8= y =—/3X,x=2= y=—2/3,x =2
5.5.1-4,0),(2.243).(2.-243)
b) z°+4i=0
Letz=x+yi and z2 +4i=0= (x+ yi)’ =— 4i = x? + 2xyi— y* =— 4i
=X —y?+2xyi =—4i= x> —y* +2xyi =—4i=x"*—y’=0 and 2xy=—4
=x’-y*=0 and xy=—2=x*-y?=0 and y=—2/x

= x*—(-2/x)=0 and y="2= xz—(izjzo and y="2
X X X

x* -4

X

5|42, 2) (2.43)

—0 and y="2= x* ~4=0and y=—2= x=+y2and y =2
X

7 =
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c) 2°-4i=0

Let z=x+yi and z*=4i=(x+ yi)’ =4i = x* + 2xyi— y> =4i
=x?—y?+2xyi =4i= x*—y?* =0 and 2xy=4=>x=+y and 2xy=4
—x=yand 2x’=4=x=yand x*=2=x=y and x=++2
:>x:y:\/§,X=y=—\/§

Againx=-y and 2x’=4 = x=-y and x*=2=x=-y and x=++2
Xy N2, K-y~ B X —NZand y =7, x-—Z andy~ 2
s5.={V2,v2)(-v2,-2).(V2,-v2).[- v2.42 )}
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Unit Three

Solutions/Answers to Exercises 3.1 of page 75

1. Let R be a relation on the set A={1,2,3,4,5,6} defined by R={(a,b):a+b<9}.
(0002, (.9, 04 L5)L6) (22} (2.2) 2. (2:4).(25). (2.6} (3} (52 (33, (.4, 65)36)
(40)(42) (43), (49 (45). (6.(5.2).63. 5.4 (6.1 (6.2)6:3) |

ii)Is R=R™ Yes since addition is commutative

2. Let R be a relation on the set A={1,2,3, 4,5, 6,7} defined by R={(a,b):4 divides a—b}
i) List the elements of R
R={ (61)(6.2).(7.3) }
ii) Find Dom(R) & Range(R)
Dom(R)= {5,6,7} and Range(R)= {1, 2, 3}
iii) Find the elements of R™*
R™={ (15).(26).37) }
iv) Find Dom(R ™) & Range(R ™)
Dom(R%)={,2,3} and Range(R*)={5,6,7}
3. Let A={1, 2,3,4,5, 6}. Define a relation on A by R={(x, y):y =X +1}. Write down the domain, codomain
and range of R . Find R™*
Dom(R) ={1,2,3,4,5}
Codomain ={1, 2,3,4,5, 6}
range of R ={1,2,3,4,5,6}
*={21).32).(43).(54).(65))
4. Find the domain and range of the relation {(x y)ix+y= 2}.
LetG= {(x,y):x+y=>2}
Then Dom(G) = {x:x is a real number},
Range(G) = {y:y is a real number}.
5. Let {1,2,3} and B = {3,5,6,8} . Which of the following are functions from A to B?
a) f={13)(23)(33)} Function Dom(f)=A and Range(f) = {3}
{(1 3) ( ) ( )} Not a function since Dom(f) # A
) )} Not a function since Dom(f) # A
{(J,6)( 5),(33)} Function Dom(f) = A and Range(f) = {3,5,6}
e)

6. Determine the domain and range of the given relation. Is the relation a function?

2) {(-4-3)(2-5)(46)(20)
Domain = {~4,2,4,2} Range = {-3,-5,6,0}
It is not a function since the element 2 in the domain maps to more than one element (to 2 different elements:
to -5 and to 0) of the range
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b)

d)

.a)

b)

d)

. Given f(x)= {

] Join Us On Telegram
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Domain = {8, 6,—1} Range = {— 2,—%,5}

It is a function since no element of the domain maps to more than one element of the range

{33} (-11),(00).11).(v3.3)
Domain = {— \/5,—1,0,1,\/5} Range = {3,1,0}
It is a function since no element of the domain maps to more than one element of the range

(L)
Domain = {—%,—1,%,1,\/5} Range = {é,l,%,lﬁ}

It is a function since no element of the domain maps to more than one element of the range

{05).1.5).(25).(35).(4.5).(55)}
Domain = {0,1, 2,3,4, 5} Range = {5}
It is a function since no element of the domain maps to more than one element of the range

(6.0).61).5.2),(5.3).(5:4).(55)}

Domain = {5} Range = {0,1,2,3,4,5}

It is not a function since the element 5 in the domain maps to more than one element (to 6 different

elements: to0,to 1, to 2, to 3, to 4 and to 5) of the range

Find the domain and the range of the following functions.

f(X) =1+8x—2x%°
Dom(f) is the set of all real numbers

1
f(X)=—————
() X? —5x+6

Dom( f)={x:x=2and x=3} (-,2)| J(2.3) J(3 )

f(x) =% —6x+8

Dom(f)={x:x<2or x> 4 }=(-,2] J[4,%)
3X+4,-1<x<?2

f(X):{ 1+x,2<x<5

Dom( f)={x:-1<x<5}=[-1,5)

3x-5,x<1

xP-1,x>1

Find @) f(-3) b) (1) ¢) f(6)

a) f(-3) = 3x-5=23(-3)-5=-9-5=-14
b) f(1)= x*-1=1°-1=1-1=0
c) f(6)= x*-1=6°-1=36-1=35
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Solutions/Answers to Exercises 3.2 of page 81

For f(x) =x®>+x and g(x):%, find each value:
X +

(f-9)2 b)[ ](1) 0 (9)@3) d) (fog)l) e (gof)D) O (gog)3)

) 2 _. 2 30-2_28
D (f-0)2)=1(2)-9(2)=2"+2-"==6-c=—F—=F

)[ j(l)—gf((ll)) C :31) é) _2(2)-4
O (er@ 06 =(525) (2] (%) -1
d) (fog)a) = f(g(1))= f[ +3) f(;):(;)2+1:1+1:1+2:3

2 2
f))=9g(f(1))=9ll° +1)=0(2)=——-==
) (901 )0 =0(f (1) =0(t* +1)=g(2)="7 =
f) (gog)(d =g (g (3) = g(3i3j g[%)=9(%)= 12 = 159 =2[%j=g
(G+2) (%5°)
If f(x)=x*+2and g(x)= 21 finda formula foreachof the followingand stateitsdomian

D) wlogl)  9(2)  (go)

B o 2 (+2)x-1+2 x*—x*+2x—2
a) (f +g)(x)=f(x)+g(x)=x +24-o= =] = 1

b) (fog)(x):f(g(x)):f(éjz[ijszz: 4 +2=4+2(xf1)2

x—1 (x =1y (x—1)y
:4+2(x2 —2x+1) 44+2x%>—4x+2 2x°>—4x+6

-1 (x-1F  (x-1)p

=

X X — 2 2 2 1 2

2 [?j(x): 1?((x§ T +]é :[x—lj+(x +2):[x—1)[x2+2): X3 —x?+2x—-2
@) (gof)(x) =g(f (x)) = g(x* +2)= 2 — =2

Let f(x)=x? g(x)=+/x

a) Find (fog)x) and its domain b) Find (gof )(x) and its domain

c)
Are (fog)(x) and and (gof )x) the same functions? Explain

a) (fog)x)=f(g(x))=f (\/;)=<\/§)2 =x and its domain is the set of all real numbers
b) (gof Yx)=g(f(x))=a(x?)=y/(x?) =|X and its domainis the set of real njumbers
c) (fog)(x) and (gof )(x) are NOT the same functions
For exampleif we see a) and b) above f(g(x))=x and g(f(x))=|x whicharedifferent
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4. Let f(x)=5x—3. Fimd g(x) so that f(g(x))=2x+7
f(g(x))=2x+7
= 5(g(x))-3=2x+7=5(g(x))=2x+7+3=5(g(x)) = 2x +10= g(x) = 2x+10

5

5. Let f(x)=2x+1. Fimd g(x)so that f(g(x))=3x-1
f(g(x))=3x-1=2(g(x ))+l:3x+1:>2(g(x)):3x:> g(x)z%x

6. If f isreal functiondefined by f(x)=> > o Showthat f(2x)=_3ff(§()())+3l
+

[ j 3Xx-3+x+1

_2x-1 x+1 x4l x4l

f(2x)_2X+1 and f( +3 x—1, T x— 1+3(x+1) Xx—1+3x+3
x+1 X+1 X+1

[4xx+_12j :(4x—2j+(4x+zj:[z(ZX—z)j( x+1 j_Zx—Z and

:(4x+2j X+1 X+1 X+1 2(2x-2)) 2x+2
X+1

Therefore f(2x)=

3f(x)+1  2x-2

f(x)+3 2x+2

7. Find tow functions f and g so that the given function h(X)z( fog)(x) where :
a) h(x)=(x+3)° b) h(x)=v5x-3 ¢) h(x):%+l d) h(x)zﬁ

a) Let g(x)=x+3 and f(x)=x>. Then h(x)=(fog)x)= f(g(x))= f (x+3)=(x+3)’

b) Let g(x)=5x—3 and f(x)=+/x. Then h(x)=(fog)x)= f(g(x))=f (5x—3)=,/5x—3

&) Letg(x) =" and f(x)=x+1. Then h(x)= (fog}x)= 1 (g(x))= f(%)z T

d) Let g(x)=x+6 and f(x)=%.Then h(x)=(fog)(x)= f(g(x))= f(x+6)=——

8. Letf(x)=4x-3,g(x)=

a) f(5x+7) b)5f(x)+7 c) f(g(h(3) d) f(1).g(2).h@3) e) f(x+a) f) f(x)+a
a) f(5x+7)=4(5x+7)-3=20x+28-3=20x—25
b) 5f(x)+7=5(4x—3)+7=20x-15+7 = 20x—8

0 f(g(h(s))):f(g(xz_x)):f(le_sz{le_xj_g:X24_X_3:4_;(x_zx—x):4—xs;x:3x
d) 1(1).9(2). h(3)2(4(1)_3)@(33 - 3):(1)@(6)22

e) f(x+a)=4(x+a)-3=4x+4a-3
f) f(x)+a=4x-3+a=4x+a-3

< |~

and h(x)=x*-x. Find:

I
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Solutions/Answers to Exercises 3.3 of page 85

1. Consider the function f = {(x,x?):xe S} fromS ={-3, -2, -1,0,1, 2, 3} into Z.
Is f onetoone? Is it onto

The functionis of the form f(x)=x

Let X,,X,€S = X/ =x5=> x, =*X, hence f is not oneto one

Range(f)=1{0,1,4,9}#Z so that f is not onto
2. Let A={1,2,3}.List all onetoone functionsfrom A onto A

f={11)22)33) f,={11).(23)32); , {@2).21)5,
f,={12).(23)32);, f5={13).(2.2)31);, {13).(22)3

3. Let f : A— B. Let f"betheinverserelation, ie., f"={(y,x)e Bx A: f(x)
a) Show by an examplethat f~ need not be a function

Let f ={(1,2),(2,2)jthen f"={(2,1),(2,2)}

where 2 maps to two differentimages which means f “isNOT a function
b) Showthat f” is a function from rangg(f)into A if and onlyif f is1-1
Supose f” is a function fromrange(f ) into Aandlet f(x, )=y, or f"(y,)=x., f(x,)=y,, or f*(y,)=x,.
Then Dom(f")=range(f) and y,=y,= f"(y,)= f"(y,)=X=X =y,= Y,=X=X,
= f(x,)= f(x,)=%,=x, which means f is1-1
Again, sup pose f is1-1
Then Dom(f*)=Ramge(f ) and f(x,)= f(x,)=>X,=x, which means y,=y,=>Xx,=X,
that means y,=y,= f(f"(y,))= f(f"(y,))=x=x, which means y,=y,=>x,=x,
ie, y,=y, = f (y,)= f7(x,) whic means f “is f "isa function

¢) Showthat f is a function from B into A if and onlyif f is1-1and onto
Since f is onto Range(f )=B

f3
f6

N W

Then " is a function from range(f)=B into A
Therefore,byb)above we are done
d) Showthat if f” is a function from B into A, then f'=f"
f”is a function from B into A
Therefore, f is1-1 and onto by c) above
Therefore, f " isan inverseof f ,ie, f'=f"
4. Let A{xeR:0<x<1}and B={xe R:5<x<8}. Showthat f : A— B defined by
f(x)=5+(8-5)x is al-1 function from Aonto B
Let X, , X, € Asuch that f(x,)="f(x,)=5+(8-5)x =5+(8-5)x,=3x =3X, =X, =X,
f isal-1 functionfrom Aonto B
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5. Which of the following functions are one to one?
a) f:R—R definedby f(x)=4, xeR

Let x,y € R such that f(x)=f(y)= 4 =4 that we can say nothing aboutx&y.

Thereforg f isNOT 1-1
In other words every element of the domian maps to one element of the range 4

which means it is onto but NOT 1-1
b) f:R—Rdefinedby f(x)=6x-1, xeR
Let X,y R suchthat f(x)=f(y)=6x—1=6y-1=6x=6y=x=y .. fisl-1
¢) f:R—Rdefinedby f(x)=x*+7, xeR
Let x,yeR suchthat f(x)=f(y)=xX*+7=y*+7 =X’ =y’ =>x=+y
which means f isNOT 1-1
As acounterexample f(3)= f(-3)= (3] +7H-3f +7=9+7=16 but3= -3
d) f:R—Rdefinedby f(x)=x°, xeR
Let x,yeR suchthat f(x)=f(y)=x*=y* =>x=y . fisl-1
2x+1

e) f:R\{7}— R defined by f(x): - xe R\{7}
2x+1 2y+1
Let x,y e R\{7} such that f(x)=f(y)= 7 y-7 =(y-7)2x+1)=(x-7)2y +1)
2Xy—14x+y-T=2xy+ X -14y - 7= 2xy - 2Xy -14x - x=-14y -y -7+7 = -15x =-15y = x =y

sofis1-1
6.Which of the following functions are onto?

a) f:R— R definedby f(x)=115x+49, xeR
Range(f)=R, therefore, .. f is onto

b) f:R— R definedby f(x)=|x, xeR
Range( f )=[0,0)= R, thereforg, f is NOT onto

c) f:R—Rdefinedby f(x)=4/x*, xeR
Range( f )=[0,:0)= R, therefore, f is NOT onto

d) f:R—R definedby f(x)=x*+4, xeR
Range(f )=[4,0)= R, thereforg f is NOT onto
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7. Find f7(x)if
a) f(x)=7x-6

fi(y)=x=7y-6= x—6:7y:>><7—6:y:> £4(x)= x;6

b) f(X):ZX—Q
f(y)=x= 2Y=9 4y - 2y -9=4x+9= 2y:>y—4x+9:> f(x)= 4X2+9
c) f(x)=1-=
f’l(y)_x:1—§:> x—1:—§:>—x+1:%:>_ix=y:> fl(x)=$
d) F(x)=" >
:{3x3+1J(gj -y j%ﬂ —y= fﬁl(x): 3x4+1
) f(x)—i)iJ;B

y)=x=77 = X(1-2y)=5y+3=x-2xy=5y+3= -5y -2xy=3-X
y

X—3 N fﬁl(X)Z X—-3

=5y +2Xxy=Xx-3=Vy(5+2X)=x-3=y=
y d y( ) y 5+2X 5+ 2X

f)f()—ﬂ
x=3y+1 =X =y+1=>x-1=y N f}(x)=x*-1
9) f() ( 2f -1
fy)=x=—(y+2f -1= x+1=—(y+2) = —x-1=(y+2)
= 4J-x-1 =y+2=y=—2+J/-x-1= f(x)=—2£/—x-1

2X

h) f(x)=——

) (X) 1+ X

f’l(y):x=ﬂ:>x(1+y) 2y:>x+xy:2y:>x:y(2—x):>izy:>f’l(x):L
l+y 2—X —X
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Solutions/Answers to Exercises 3.4 of page 97 - 98

1. Perform the requested divisions. Find the quotient and the remainder and verify the Remainder Theorem
by computing p(a).

a) Divide p(x)=x*-5x+8 by x+4
X—9

x+4ix2—5x+8

X® + 4x

—-9x+8

-9x-36
44

Therefore, the quotient is x-9 and the remainder is 44

p(—4)=(~4) —5(—4)+8 =16+20+8=44 (VerifiedRe mainderTheorem)
b) Divide p(x)=2x*-7x*+x+4 by x4
2x* +X+5

x—4>2x3 —7x*+x+4  Therefore the quotientis 2x*+ x +5 the remainderis 24
2x° —8x?

XAx+4
X2 — 4x
oX+4
5x-20
24

p(4)=

2(4)° —=7(4) +4+4=128-112+8= 24 (Verifiedby Re mainderTheorem)

¢) Divide p(x)=1-x* byx-1
—xi-x2-x-1
x-1)1-x*
x3-x!
—x*+1

Therefore, the quotient is —x° —x*—x—1
and no remainder (the remainder is 0)

—x*+x°
-x*+1 ] . )
¥ix Join Us On Telegram @Qesem University
-X+1
-x+1

0

p(l)=1-1*=0 (VerifiedbytheRe mainderTheorem)
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d) Divide p(x)=x*—2x*-3 by x+1
x* = x®+x*-3x+3

X +1> x° —2x° -3 Therefore, the quotient is x* — x® + x> — 3x + 3the remainderis— 6

x>+ x*
—x*—2x*-3
—x'=x?
x> —2x* -3
x® +x?
—3x*-3
—3x% - 3x
3x-3
3x+3
-6
p(-1)=(-1) —2(1f -3=-1-2-3=-6 (Verified by the Remainder Theorem)
2.Given that p(4)=0, factor p(x)=2x* —11x? +10x + 8 as completely as possible
p(4)=0= x—4 is factor of p
2x* —3x-2
X—4)2x° ~11x" +10x+8
2x° —8x°
—3x*+10x+8
—3x% +12x
—2x+8
—2x+8
0
Therefore, 2x° —11x? +10x +8=(2x> —3x — 2)(x — 4) = (x — 2)2x + 1)(x — 4)

3.Given that r(x)=4x® —x* —36x+9, r(%j =0 find theremainingzerosofr(x).

r(%):O: x—% ordx—1 is a factorof r

4x% -36
x—%>4x3—x2 —36x+9
4x3 —x?
—36x+9
—36x+9
0

Now r(x)=4x% — x? —36x +9=(4x —1)4x> —36)=4(4x —1)x2 —9) = 4(4x —1)(x —3)(x + 3)

Therefore, x :% ,X=3,x=—3 are the zeros or roots of r
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4.Giventhat 3 adouble zero of p(x)=x*—3x®-19x* +87x—90. Find all thezerosof p(x).
3 adoublezeroof p=(x-3) orx’*-6x+9is a factor of p
x* +3x-10
X* = 6x+9)x* —3x° ~19x +87x - 90
x* —6x° +9x°
3x° —28x* +87x-90
3x® —18x° +27x
—~10x* +60x —90
—10x% +60x—90
0

Therefore, p(x) = x* —3x* —19x* +87x —90 = (x—3)? (x* + 3x—10)
=(x—3f(x+5)x-2)
Hence,x=3,x=-5 and x=2are the zeros f p

5. a) Write the general polynomial p(x) whose only zeros are 1, 2, and 3, with multiplicity 3, 2 and 1 respectively.
What is its degree?

p(x) =K(x-1)*(x-2)(x-3)

b) Find p(x) described in part (a) if p(0) = 6
P(X) = k(x-1)*(x-2)*(x-3)
and p(0) =6 = k(0-1)*(0-2)*(0-3)=6
= k(-1)*(-2)*(-3)=6
= k(-1)(4)(3)=6

:le:G:k:%

Therefore, p(x)= %(x-1)3(x- 2)%(x-3)

And the degreeis 6
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. —b++/b>—4ac
2a

oy (1+6i)+/(1+6i ) — (4)2)—(6+9i)) _ (2+6i)+/(22i —35)+(48+72i)

(2)2) 4
XZ@+60¢J@$+73)+@8—39::@+60iJ@4ﬂ+13

4 4

= X= (L+ 61)}+v84i +13 or x=(1+6i)_ /841 +13 . e the other roots of p(x)

4 4

7.

6.1f 2-3i isarootof p(x) = 2x> -5x* +14x+ 39, the remainig zeros of p(x)
2x> —(L+6i)x — (6 +9i)
x-(2-3i)>2x3 -5x% +14x+39
2% +(— 4 +6i )x?
(-1-6i)x* ++14x+ 39
(—=1-6i)x* + (20 +9i )x
(-6-9i)x+39
(-6-9i)x+39
0

To factorize 2x* —(1+6i)x — (6 +9i) we use thequadiratic formula:

Determine the rational zeros of the polynomials:

a) p(x)=x®-4x*-7x+10
x=1: 1 —4(1?)-7(1)+10=1-4-7+10=0=> x—1is one factor of p
x* —3x-10
x—l>x3—4x2—7x+10
x* —x?
—-3x* -7x+10
—3x% +3x

~10x+10 Join Us On Telegram

—10X0+10 @Qesem_University

Therefore p(x)=x® —4x> —7x+10=(x—1)(x> —3x —10)

Again, to factorize x> —3x—10, we use quadratic formula:

. 3+4(-37 —(4)1)(-10) 3+.9+40 3+7
B 2 a 2 2

= X=5x=-2
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p(x)=x°—4x? = 7x+10=(x-1)(x =5)(x + 2)
Sothat the rationalzerosare x=1,x=5 and x=-2

b) p(x)=2x®-5x*-28x+15
X =-3: 2((—3)3)—5(—3)2 —28(~3)+15=-54-45+84+15=-99+99=0
which means x =-3 isone root of p.
2x* —11x+5
x+3)2x3—5x2 —28x+15
2x% +6x°
—11x* —28x +15
—11x* —33x
5x +15

5x+15
0

Hence, 2x° —5x? — 28x +15 = (x +3)(2x* —11x + 5) and thereforewe need to factorize

2x* —11x+5 again using quadraticformula:

2
= 1O RNE) 110 2L 11 B_xs g,

4 4 4
Therefore, 2x* —5x* — 28x +15=(x+3)(x =5)(2x —1) and then x =—-3,x=5,x :%

are therationd zeros
c) p(x)=6x°+x*—4x+1

x=-1:6(-1) + (-1 —4(-1)+1=-6+1+4+1=0
which means x =—11is one root of p
6x° —5x+1
x+1>6x3+x2—4x+1
6x° +6x°
—5x% —4x+1
—5%x? —5x
X+1

X+1

0
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Hence, 6x° + x* —4x +1=(x+1)(6x> —5x +1 ) and thereforewe need to factorize
6x> —5x+1 again using quadraticformula:

_5+y(-5F —(4)6)1) _525-24 5+41 _5+1_ 6 1 orx 4L
12 12 12 12 12 2 12 3
Therefore, 6x° + x* —4x +1=(x+1)(2x-1)(3x 1) and then x :1,x:%, X==
are therationd zeros

8. Find the domain and the real zeros of the given function

3
a) f(x): ¥2_05

Dom(f)={x: x?~25=0}={all real nimbers}—{-5,5}=R —{-5,5}
Dom(f): x*—25%0=> X2 #25=>X # +/25 = x # 45

Real zeros: f(x)=0= —;

b) b) g(x)= )(4—)( [Correctlngx 4x-12as x> +4x— 12]
+ —

Dom(f)={x: x?+4x—120}

= 0= O(x2 —25):3 which is false sothat there is no real zero.

Dom(f)1X2+4X—12¢0:>x¢_4i\/W:X¢—4i\/m

2

¢—4i\/§
2

=X £ —

— = X#2 0rx#-6
Dom(f)={x:x#2, x#-6}=R—{2,-6}

Real zero: x—3=0=x=3 which means 3 is the real zero

Ol g(x)=

4— [Correctlngx 4x—12as x* —4x— 12]
— X_

4+ /16—-4(-12 4+./16+48 4+ ./64
Dom(f):x* —4x-12#0= x # > BNk b e

2 2

:>x¢—£ = X#—-2 Orx=6

Dom(f)={x:x#-2, x#6}=R—{-2,6}
Real zero: x—3=0=x=3 which means 3 is the real zero
_3)2
R )
9 1) x3—3x% 4+ 2x
Dom(f )= {x:x® —3x% + 2x = 0}



3+.,/9-4(2)

Dom(f ): 3¢ =3x? +2x % 0= X(x? ~3x+2)= 0=> x =0 or x # >

4+ 1

=xz0o0r x=

4+1 5 3
=x=0o0r X¢T:>x¢00r XiE or x;tE

2
Dom(f)=R—{O,E, i}
2 2,
Real Zero : (x—3)° =0=>x—3=0=>x=3 which means 3 is the real zero
) 1(=5 2
X +4

Dom(f):x2+4#0=>x*#-4=x#+J-4 x==2i Not real number
Dom(f)=R
Real Zero: x? —16=0=>x = +,/16 =x = +4

Therefore4 and —4 are the real zeros

9. Sketch the graph of

) f()="—%

x—intercept (y =0):

:f(x):)l(_—;:O:l—x:O:x:l

= (1,0)isx—intercept
y—intercept (x =0):

1-x 1-0 1 |
£(0)= - ==
©) x3 Y 03 '3

= (0,1/3)isthey —intercept |
Since the deg reeof thenumerator

is equaltothe degreeof thedenominator,
then y =-1is the horizontah asymptote
and thedenominatoris zerowhen
x=3and

asx -3, f(x)—> o

and As x—3", f(x) > —o0 Join Us On Telegram
X =3 s the verticalasymptote @Qesem University
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X2+l

b) f(x)=
X —intercept (y =0):

X2+l
=
= x* +1=0=x* = -1, No real number
so that no x—interceptis (-1,0)
y—intercept (x =0):

= f(x)= 0

2
f(0)= 0 O+1 which doesn't exist

sothat no y—intercept

As thedegreeof thenumeratoris one
morethanthe degreeof the
denominatorethen

y =X is the Oblique asymptote

and the denominatoreis zerowhen
x =0 and

asx— 0, f(x)—>—o

and As x — 0", f(x)— o

hencex =0 is the verticalasymptote

c) f(x)=%+2

X —intercept (y =0):

= f(x)=%+2=1+X2X

:>f(x):§+2:0:>§:—2:>x:—1§,

= (~1/2,0)isx—intercept
y —intercept (x = 0):

f(0)= %+2 =0 which doesn't exist

meaning no y —intercept

Asthedegree of the numeratore

is equal to that of the denominator,

y =2 is the Horizontal asymptote

and and the denominatoreis zerowhen x=0
andas x -0, f(x) > —o

and As x - 0", f(x) >

x =0 is the verticalasymptote

y-ais),

#x-axis
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x? y-axis

d f(x)= 2

x—intercept (y =0): |

=0 :
x4 ]
= f(x)=0(x*-4)=x’ T
= x=0= (0,0) isthe—intercept =L ]

similarily, y—intercept (x =0): ——
2

f(0)=02_4

Asthe degreesof thenumaratoreand
the denominatoreareequal,
y =1is the Horizontal asymptote, and

= f(x)=

— = X-aXis

=0=y=0,

thedenominatoreis zero whenand x> —4 = x = +2,

= x=2,x=-2 are the verticalasymptotesand

sx—2,f(x)—>—0,and As x> 2", f(x) > oo;

As x — -2, f(x)—> 0 and As x — 2%, f(x) —> —o

10. Determine the behavior of f (X)= X‘Q’L);—S when x is near 3

x® —8x—3=(x—3)(x* +3x+1)

x°-8x-3_ (x—3)x?+3x+1)
X—3 X—-3

= f(X)=x"+3x+1,x#3

As x— 3", f(x)—>19 and

asx -3, f(x)>19

The graphof f hasa whole at (3,19)

hence f(x)

11. The graph of any rational function in which the degree of the numerator is exactly one more than the
degree of the denominator will have an oblique (or slant) asymptote.

2
a) Use long division to show that f(X):X_—X—l—szJrlJri since x+1
X—2 X—2 x—2)x’ —X+6
x* —2x
X+6
X—2
8
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b) Show that this means that the line y = x+1 is a slant asymptote for the graph and sketch the graph of

y="f(x)

AS X — 0 = f(x):x+1+%—>x+land
X_

as x —».—owo= f(x)= x+1+i2—> x+1sothat y = x+1is slant asymptote

Again, the degree of the numeratoreis one greaterthan the degree of the denominatore

Asx—>2" = f(x)>wandas x> 2" = f(x)—> —o

Hence, x = 2 is vertical asymptote

x> —x—-2+8
X—2

x—intercept(yzo):f(x):0:>x+1+%=0:> =0=x*-x+6=0

1214 1£-23
-

5 = Not real number sothat No x—intercept

. 8 8
—int tx=0):f(0)=x+1+—=0+1+——=1-4=-3
y—intercept(x =0): f(0)= x + + 5 =0+l o

sotaht (0, 3)is the y —intercept

L4

'

Join Us On Telegram @Qesem_University
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Solutions/Answers to Exercises 3.5 of page 122-123
1. Find the domain of the given function

a) f(X)=6—1X
Dom(f)=R
b) g(x)=43 +1
Dom(f)=R
c) h(X):\/m

Dom(f)=[3,0)

1
D f(X)=5—

Dom(f)=R—-{l/3}

2. Sketch the graph of the given function. Identify the domain, the range, intercepts and asymptotes.

a) y=5"
y=5"
Domf (f)=R,
Range(f)=(0,)
y —intercept=(0,~1)
y =0ishorizontalasymptote

b) y=9-3"
y=9-3"
Domf (f)=R,
Range(f )=(-x,9)
y —intercept=(0,8)
x —intercept=(2,0)
y =9ishorizontalasymptote

c) y=1-¢e™*
y=1-¢"*
Domf (f)=R, I
Range(f)=(—o0,1)

y —intercept=(0,0)
x —intercept=(0,0)
y =lishorizontalasymptote
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d y=e*?
y=e"’
Domf (f)=R,
Range(f )=(-o0,e?)
y—intercept=(0,e?)
Not x —intercept ‘
y =0ishorizontalasymptote

3. Solve the given exponential ec

a) 2°'=8

21=8=2""'=2=x-1=3<=x=4
b) 3% =243

3 =2433*=3=2x=5<x=5/2
o) 8 =42

8 =12 < 2% =22 = 3x=1/2<x=1/6
d) 162 =1

4

16%2 :%@2‘“3&2) =22 =4(Ba-2)=-2<12a-8=-2o12a=6<a=1/2

4. Let f(x)=2".Showthat f(x+3)=8f(x)
f(x+3)=2%=(2%)2*)=8(2")=8f(x)

5. Let g(x)=5".Showthat g(x—2):2isg(x)

5 5 1 1
_2 :5X72:_:_:_ 5X - =
g(x-2) 7 =95 ¢ ) = 9(x)
6. Let f(x)=3".Showthat flx 22)—f(2):4(3x)
X+2 X X (n2 X X X
f(x+2)- f(2) _3"2-3" _3(3?)-3" _3*(9-1) _sg )24(X)
2 2 2 2 2
7. Evaluate the given logarithmic expression (where it is defined).
a) log2*
log2*® =log2% =4log2?=4
19
b) log=
) logg
| 1° log3® log3” _ 2093’
= = = =
3 logz: 1093 log3
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¢) log3™®
log3™® doesnit exist since the domianisthe set of positive real numbers

1
d) log67
1

N 172 1 1
log6"'® =log6® =-=log6®=—=
g g 5 g >

6) logslee+")

log5!*¥*) — log 5(|0933 ) — log5%®) _ |og5° =1
f) 2IogZ‘/g
2I092Jg :\/g
8. If f(x)=log2"*  find f(6) and the domain of f.
If £(6)=1log2® " =10g2%* l0g2¢ = l0g2?° =5
Dom(f):x*—4>0=x* >4 = x> 20rx<-2so thatthedomainis (oo, - 2)|_J(2,)
9. If g(x)=log3"**  find g(4)and the domian of g. 1 3
g(4) _ |093(4274(4)+3) _ |093(16—16+3) —log3® =3

Xx-3 [-- - ++
Dom(f):x* —4x+3>0=(x-3)x-1)>0

X1 [--- 0+++[++

f o [++ 0--- 0++

From the Sign chart to the right,

Dom(f )=(~o0,1)_J(3,=)
10. Show that Iog% =—log6”

1° log6* log6* log6* log6* ‘
96 log6Y® loge® —log6® -1 J

11. Sketch the graph of the given function and identify the domain, the range, intercepts and asymptotes.

a) f(x)=log2*®

f(x)=log2"?

x = 3,isverticalasymptote
log2*®) =0=2°=x-3
=>1=x-3=x=4

(4,0) isx —intercept
Dom(f)=(3,0), Range(f)=R




b) f(x)=-3+log2"

f(x)=—-3+log2*

x = 0,isverticalasymptote
-3+log2* =0=log2* =3
=2’ =x=>8=x

(8,0) isx —intercept
Dom(f)=(0,), Range(f)=R

o f(x)=-log3™

f(x)=—log3™

x =0,isverticalasymptote
—log2*=0=10g2*=0
=2°=x=>1=x

(1,0) isx —intercept
Dom(f )= (~,0), Range(f )=

d) f(x)=3log5"

f(x)=3log5" = x =0, isverticalasymptote
3l0g5* =0=10g2" =0 = 2° =x=1=X
(1,0) isx—intercept

Dom(f)=(0, ), Range(f)=R

(3x-1)

12. Find the inverseof f(x)=e

f(x)=e®? < y =e®Y so that we interchange x & y and solve fory to find the inverse:

1+Inx

x=e¥Y o loge* =3y -1 Inx=3y-1<1+Inx=3y <

is the inverse

13. Let f(x)=e"*.Find a function so that (fog)(x) = (gof }(x)=x
(fog)(x)=(gof J(x)=x means one is the inverse function of the other

Henceto find the inverseof y = eVx

is the inverseof f
Check! (fog)(x)= f(g(x))= ((Ioge ¥ ):em =e'™ =x
=(gof)x)= g(f (x))=gle™ )= (Infe™)f = (Vx =x

:x:eW@Iogex:ﬁ:yl’2:(|nx)2:

=g(x)
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14. Convert the given angle from radians to degrees

V4
0 ~ 0
a) = :>Z=18—0:60°or 90=§:>6?=180 =60°
3 3 3 180° =«
—or
— — — 0 A _
by 2L T2 5<180)=—5(90°)=—450° or 22 9T (180°)= 45(f
2 2 2 180 V4
—4r
— —_ —_ O —
o 4T _TAm_ 4(180):—4(600):—2400 or 2 - 3 _p-"%180°)= —240°
3 3 3 180
15. Convert the given angle from degrees to radians
0
a) 3150 0. 315 35 7 _, 7,
7 180° 20 4 4
0 —_— —_— —
b) -400 e e s SN R
7 180° 18 9 9
0
¢) 3300 0380 33 11, 1
7 180° 18 6 6

16. Sketch the graph of:
a) f(0)=seco

f(9)=seco = % , all thevaluesof @ such thatcos@ =0 are the vertical asymptotesso that
cos

0= (% + nnj are verticaladymptotes(0) is the y —intercept, No x —intercept

Ili LY -
F — — —= — — ?_ _ ? o - =
—3T - - T — — - m
2 2 3 5

-
.‘_.
L

¥

* w
‘‘‘‘‘‘‘
............
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b) f(x)=1+cosx A

/ i \ 4
. . 1
1 \.

| [

! ; /1
T3k 2

| \ .

g) f(x)=tan2x
17. Verify the following identities:
a) (sinx—cosx)cscx +secx)= tan x —cotx

. : 1 1 , sSin X+ cosx
(sinx—cosx)cscx +secx) =(sinx —cosx) —— +— | = (sinx - cosx) ——————

sinx cos Sin X cosx
_((sinx—cosx)(sinx+cosx))) _sin’x-cos’x _ sin’x cos’ X
Sin X oS X Sin X COSX SINXCOSX SINXCOSX
SinX COSX
=—— -~ =tfanx-cotx
COSX Sinx

b) sec’ x—csc” x = tan® x —cot® x

From the trigonomeric identities, we have:
sec’ x =tan® x+1 and csc® x=cot® x +1
from theseequationswe have:
sec’ x =tan® x+1
_{cscz x=cot’ x+1
sec® X —csc? x = tan® x — cot® x
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18. Given tanG:% and sin@ <0, find cosé

It is in the third quadrantthat tan @ is positive
and sin@ isnegative

-2
= —
From the diagramr =/(-1) +(-2)° = J5 L

Hence cos@ = -2

J5

19. Prove the identities (2) and (3)
From the text on page 118, we have the following idenuues:
(1) sin* x+cos? x =1
(2). tan® x +1=sec® x
(3). cot® x+1=csc?x
To prove(2) and (3), we use (1) and hence from the first:
sin® x + cos® x =1 dividing both sides of this equationby cos” x, we get :
sin® X + cos® x 1 sin®x  cos® x 1
2 = 2, VAPV 2
cos’ x cos’x ~ cos’X Cos’X cOS’ X
Again, dividing both sides of this equationby sin® x, we get:

sin? x + oS’ X 1 sinx  cos® X 1
2 e Bl dvny Sl My B
sin? x sinx sin’x  sin®x  sin®x

20. Find the exact numerical value of
a) sinh(In2)

+ 2 )
In2 _ ,-In2 n2 _ 2t n2 " -
sinh(In2)="2 ze _e-er er-et 2. 12 :§+2:%

b) cosh(-In3)

10
-In3 In3 In3% In3 3 In3 ( )
cosh(—InB):e ;e _e” +e” _e’+e :1/3+3: 3 10

c) tanh(2In3)

2In3 _ -2In3 In9 _ In1/9 _
tanh(2|n3):e € :eI - el — _9-1/9_80
e e™ e 9+1/9 82

2In3 -2In3
+€

= tan® x +1=sec® x[(2)is provede]

= 1+ cot? x = csc® x[(3)is provede]
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21. Prove the following identities:
a) sinh(x—y)=sinhxcoshy—coshxsinhy
sinh(x — y)=sinh(x + (- y)) = sinh xcosh(- y)+ cosh xsinh(- y)
=sinh xcoshy + coshx(-sinh y)
=sinh xcoshy —coshxsinhy
since sinh yis odd andcoshy is even,
we havesinh(- y)=—sinh y and cosh(- y)=coshy
b) cosh(x—y)=coshxcoshy —sinhxsinhy
cosh(x — y) = cosh(x + (- y)) = coshx cosh(~ y) +sinh xsinh(- y)
= coshxcoshy +sinh x(—sinh y)
=coshxcoshy —sinh xsinhy

Join Us On Telegram @Qesem_University
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UNIT 4
Solutions/Answers to Exercises 4.1.1 of page 126

1. Find the distance between the following pair of points.
(@) (-1,0) and (3, 0)

Distance=d= \/(—1— 3)2 +(O — O)2 = \/(— 4)2 +(0)2 = \/E:4
(d) The origin and (— \/5, \/E)

Distance=d= \/(—\/§—0)2 +(\/E—O)z =\/(—\/§)2 +(\/€)2 =\/F= \/§= 3
(e) (a,a) and (-a, -a)

Distance=d=+/(a—-a) +(a—-a) =./(a+a)f +(a+a) =+/(2a) +(2a)

- (2a) +(2a) = J4(ay +4(a} =ela) =2a/2

(f) (ab) and (-a, -b)
Distance=d= \/(a ——af +(b--b)f = \/(a +a) +(b+b) = \/(Za)z +(2b)’

= J4(a) +4(b)® = /4(a’ +b?) =2,/a’ +b*

3. Let P=(-3,0) and Q be a point on the positive y-axis. Find the coordinates of Q if |PQ| =5

2
Let (0, y), since Q is on the positive y-axis, and then |PQ|=5= \/(— 3-0)+(0-y)y =V I+y

= 9+y® =25= y*=16= y = 4 [since Q is on the positive y-axis]
4. Suppose the end points of a line segment AB are A(-1,1) and B(5,10). Find the coordinates of
point P and Q if

(a) P is midpoint of AB
Let P=(a, b)
Then P=(a, b)= _1+5,1+1Oj= au =(2,5.5)
2 2 2'2
(b) P divides AB in the ratio 2:3 (Thatis, |AP|:|PB|=2:3)
Let P= (x,y) ALY X elay) 3“ T esan
3A+2B
Then P= (x, y)=
enP=(y= 7503
_(—1x3+5x2 l><3+10><2j_(—3+10 3+20j_[z 2_3}
2+3 ' 2+3 5 ' 5 55

(c) Qdivides AB in the ratio 3:2

Similar to C above (i.e. interchanging 2 and 3 only, which gives P= (? , %)
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(d) P and Q trisect AB (i.e., divide it in to three equal parts)
Let P=(a,b) and Q=(xy)

2xA+1xB 1xA+2xB | | \ |
P=—"————"— and Q=——— A(-1,1 Pla,b , B(5,10
1o =13 (-1,1) (a:b) alxy) (5.10)
P_Zx(—1,1)+1><(5,10)_ 2x-1+1x5 2x1+1x10) (-2+5 2+10 _(14)
1+2 3 ’ 3 3 ' 3 ’
I 1x(-1) +2x(510) (1x-1+2x5 1x1+2x10) (-1+20 1+20 1
Similarly P = = : = ; = —>
1+2 3 3 3 3 19

5. Let M(-1,3) be the midpoint of a line segment PQ. If the coordinates of P is (-5,-7) then what are the
coordinates of Q?

Let Q=(a,b), then M= % —(-13)= (- 5,—7;+ (a,b) _ (—5+ a —7+ bj

2 2

-5+a and 3:—7+b

=-1= =-2=-5+aand 6=-7+b=>a=3and b=13

Therefore, Q = (313)

6. Let A(a,0), B(0,b) and 0(0,0) be the vertices of
a right triangle. Show that midpoint of AB is
equidistant from the vertices of the triangle.
We do have four cases here, Afa,0)
(i) ais positive and b is positive, or
(ii) ais positive and b is negative, or Mix.y)
(iii) ais negative and b is positive, or
(iv) aisnegative and b is negative
(i) Leta be positive and b be positive as in fig.1
Where M(x,y) is the midpoint of AB

Then M :(aJrO,OLbj:(E,Ej
2 2 2 2

Then we want to show that M is equidistant from A, B, O

2 2 2 2 2 2 2 2
MA = (a—g fo-l) - 2] 4B :\/a—+b— :\/a L P
2 2 2) (2 4 4 4 2
2 2 2 2 2 2 2 2
MB = (O_E + b_E = E + 9 :\/a_+b_ :\/a +b =— a2+b2
2 2 2) (2 4 4 4
a)’ b’ (b)Y _[a? b2 [a?+b? 1
MO= [l0-2| +[0-2| = H | =t = =_+a’+b’
\/( 2 2 \/ 2 \/4 4 \/ 4 2

Nl N

Ja’+b® allare equidistant

Similarly, for the cases (ii), (iii) and (iv), we get similar result.

Which means MA = MB = MO =
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Solutions/Answers to Exercises 4.1.2 of page 129-130
1. Find the slope and equation of the line determined by the following pair of points. Also find the y-

and x-intercepts, if any, and draw each line. ONLY SELECTED QUESTIONS:
(b) (2,0)and (2,3)

y-axis
3-0 3 4
Slope=m=——-=—
2-2 0
which is not defined, meaning the line is vertical D X-axis
The equation of the line is x=2
x-intercept is 2 and there is no y-intercept v
(c¢) the origin and (1,0)
axis
= (1);8 =0 where the line is horizontal

The equation of the line is y=0 (the x-axis)
x-intercept are all real numbers and y-intercept is 0

T
-— l —® y-axis (y=0)
(i) (-1,3) and (1,6)

_6-3_3
T1-1 2
The equation is
y-6_3 3.3

3
T,V 6= 2(x—l):>y_§x—5+6

P x-axis

'y

=y :gx+% [Equatiuonof the line]

. . | 9 |
x-intercept is - 3 and y-intercept is 3 =4.5

2. Find the slope and equation of the line whose angle of inclination is # and passes through the
point P, if ONLY SELECTED QUESTIONS:

(a) 0= %72‘ ,P=(1,1)

Slope =m=tan # =tan (% ﬂj = tan450=1

y-i

Equation is 1:1:>y—1:(x—1):>y:x—1+1:>y=x

(© 9— 7r ,P=(0,1)

Slope =m=tanf =tan (% 7[] =tan(135%)=-1 (second quadrant angle supplementary to 459°)

<
|_\

Equation is =1=y-1=(-1)x)=>y=-x+1

O

X —
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(d) 6=0,P=(1,1)

Slope =m=tan # =tan0=0 [It is horizontal line]
Equation is y—_i:O =>y-1=0=>y=1
1
) 6 =§7r ,P=(1,1)
Slope =m=tan @ =tan (% 7[] =tan(60%)=+/3

Equation is y—_i=\/§ = y—1:\/§(x—1):> y:\/§x—\/§+1
X_

3. Find the x-and y-intercepts and slope of
y

the line given by §+ e 1 and draw the line.

X Y 15 2(5+¥j=2(1):> X4y =2
272 272

= y=-X+2
x-intercept is 2, y-interceptis 2
and the slopeis -1

-axis
3

N

‘:\I » X-axis
2\

4. Draw the triangle with vertices A(-2,4) , B(1,-1) and C(6,2) and find the following.

A y-axis

X-axig

(a) Equations of the sides

Here we need to find equations of AB, AC, and BC, so that as an example we find equation of
AB, others can be found in a similar way

Slope=m=ﬂ _3 . -1
-2-1 -3

Equation is ;i =-1=y-1=(-1)x-)=>y-l=-Xx+1=>y=-x+2
X —
Similarly we can find equations of AC and BC
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(b) Equations of the medians
Median is line that passes through a vertex and midpoint of the opposite side,
i.e,, in this case lines that pass through A and midpoint of BC, B and midpoint of AC,
and C and mud point of AB
Therefore, as an example let us find the equation of the line that passes through A and
midpoint of BC, the others can be found in a similar way

(c) Equations of the perpendicular bisectors of the sides
Perpendicular bisector of a line is a perpendicular line that passes through the midpoint of the
line, i.e., in this case perpendicular bisector AB or BC or AC,
Therefore, as an example let us find the equation of the perpendicular bisector AB, the others
can be found in a similar way
the perpendicular bisector AB is the line whose slope is the negative reciprocal of the slope of
AB that passes through the midpoint of AB
Slope of AB = - 1 (from a above)
so that slope of the perpendicular line to AB =1

Midpoint of AB= AZ B _ (—2,4)+(1,1):(—2+1, 4+1):(—_1 g)

2 2 2 22
Therefore, the equation of the perpendicular bisector of AB is the equation with slope =1 and
-15
assing through | —,—
pssngtiroush (2.
5 (Zy—Sj
Y-+ 9 _
Equationis 2 _1- 2 :2y 5:1:>2y—5=3x—1:>2y=3x+4
x—_—l 2x—1 3x-1
2 2

(d) Equations of the line through the vertices parallel to the opposite sides
The line through the vertices parallel to the opposite sides are the lines passing through the
points A, B and C which are parallel BC, AC and AB respectively
Therefore, as an example let us find the equation of the line through the vertex A parallel to
the opposite side BC, the others can be found in a similar way
-1-2 -3 3

The slope of BC = 16 s = 5 which is also the slope of the parallel line

The required parallel line passes through point A(-2,4) which has slope g

y-4 3_y-4
X——2 5 x+2

So, its equationis =5y-20=3x+6=5y=3x+26
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5. Find the equation of the line that passes through (2,-1) and perpendicular to 3x+4y=6

To determine the slope of 3x+4y=6, 4y =-3Xx+6 =Yy = _73 X +g

So the slope is _73 and the line passes through (2,-1)

The equationis y-—-1_-3_y+l_=3_, y+1:__3(x_2)
-2 4 X — 4 4
-3 -3 -3 3 -3 1
+1=2x- 2 (-2 y="Sx+ 21 y="Sx+=
Y 4 4 ( ) y 4 2 y 4 2

6. Suppose f, and £ are perpendicular lines intersecting at (-1, 2).
If the angle of inclination of {, is 459, then find the equation of f.
Let the slopes of f, and {2 be m1 and m; respectively
mi=tan(45°)=1=m, =1
Since the two perpendicular lines intersect at (-1, 2), we can find equation of - as follows:
> has mz=1 and it passes through (-1, 2)
y-2

The equationis

=l y-2=x+1=>y=x+3

7. This question is Simple! that can be determined based on the slopes of the two lines
8. Let Libe the line passing through P(a, b) and Q(b, a) such thata # b.
Find an equation of the line L in terms of a and b if
(a) Lz passes through P and perpendicular to L1

Slopeof L, =m, = E:Z = —?a_—bb):_l and Slopeof L, =m, =1
Equationof L, is %:1: y—-b=x-a=y=x-a+b
(b) Lz passes through (a, a) and perpendicular to L
Similar toa abowve, Equationof L, is y;a:l:> y—a=Xx—-a=y=X—-a+a=>y=X

9. LetLjand Lz be given by 2x+3y - 4 =0 and x+3y - 5 =0, respectively. A third line Lz is
perpendicular to L1i. Find the equation of L3 if the three lines intersect at the same point.

The slope of L1: 2x+3y-4=0=3y=-2x+4= y=%2x+g:>SIopeof g:%z

3
Since L3 is perpendicular to Lj, slope of L3 == 2

And since L1, Lz and L3 intersect at a point, we can determine the intersection point by L1 and L>
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-2 4
Equation of L is simplified above as y=?x+§ which we can substitute it in equation of

L2: x+3y-5=0as x+3[_?2x+%j=5:>x—2x+4=5:>—x=5—4:>x=—1

And y:_?zx+g:> y:_?z(—l)+%:§+%:> y=2

L1, Lz and L3 intersect at (-1, 2) and slope of L3 = g

Equation of L, :Lzl:g:z(y—z)zs(xﬂ): 2y —4=3x+3= 2y =3x+7

10. Determine the value(s) of k for which the line (k +2)x + (k2 - 9)y +3k* -8k +5=0

In each case write the equation of the line
(a) is parallel to the x-axis
(k +2)x+(k? —9)y +3k? —8Kk +5 =0 is parallel to the x-axis is to mean the slope is 0
S0, (k +2)x+(k? =9)y +3k? -8k +5=0=> (k? —9)y = —(k + 2)x— +3k? —8Kk +5
— 2 f— —
(|2(+2)x—+3k 28k+5:>the slopeis m = (|2(+2):0:>k+2:0:>k:—2
(k?-9) k®-9 (k?-9)
The equationof the line is (2+ 2)x + (22 —9)y +3(2?)-8(2)+5=0= 4x~5y +12-16+5=0
= 4x-5y+1=0

=y=

(b) is parallel to the y-axis
(k +2)x+(k? —9)y +3k> —8k +5 =0 is parallel to the y-axis is to mean the slope is undefined

S0, (k +2)x+(k? =9)y +3k? -8k +5=0=> (k? —9)y = —(k + 2)x— +3k* —8k +5

2
=vy= _(k(lz(j:))x—+ 3k(k;§k9;5 = the slopeis m =ik(2k—_+925) =undefined= k?-9=0

—=k’=9=k=30rk=-3

The equationof the linewhenk =3 is (—3+2)x +((— 3 —9)y + 3((- 3)*)-8(~3)+5=0
= —x—(0)y +27+24+5=0= —x+56=0and similarly it can be done when k =3

(c) passes through the origin
(k +2)x + (k2 - 9)y +3k®—8k+5=0  passes through the origin is to mean

(k +2)x+(k?* —9)y +3k? —8k +5=0 contains (0,0)

S0, (k +2)(0)+ (k? ~9)0)+ 3> ~8k +5=0= 3k? 8k +5=0= k = > V(_i)(;)“‘(s)(g’)

8+/64—60 844 8+2 5
= 5 =% " & :>k=§ork:1

The equation can be found in similar ways as a and b above

=k
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(d) passes through the point (1, 1)
(k +2)x+ (k2 —9)y +3k? -8k +5=0 passes through (1,1) is to mean
(k+2)x+(k? =9)y +3k? —8k +5=0 contains (1, 1)

SO, (k +2)1)+ (k2 —9)1)+ 3k* =8k +5=0=k + 2+ k* ~9+3k> —8k +5=0=

TEN(T) 447 7+449-112 7+4-63

4k* + -7k +7=0=k = =k

2(4) 8 8
v fe
=k= ! _;3/@' which means no value of k in the system realnumbers but
=k= T g/ﬁl in the system Complex numbers

11. Determine the values of a and b for which the two lines ax - 2y =1 and 6x - 4y=b

(a) have exactly one intersection point
ax-2y=1 and 6x-4y=Db intersect at one point

ax-2y=1= ax:2y+1:>y:%x—% where the slope is % and y—interceptis -t
3. b .3 . . —b
:>6x—4y:b:—4y=—6x+b:>y:EX—Z where the slope |S§ and y—interceptis —

the two lines intersect at one point means they have different slopes which means % ¢§ =a=#3

Therefore for all real number @ # 3 and for all real number b, the two lines intersect at exactly one
point
(b) are distinct parallel lines
The two lines are distinct parallel lines when they have the same slope but different y-intercepts
Hence from (a) above, % =g and _?1 0 a—3andbx2
(c) coincide
The two lines coincide when they have the same slope the same y-intercepts
3 1 -b

Hence from (a) above, % =5 and _7 =—=a=3andb=2

(d) are perpendicular
The two lines are perpendicular lines when the product of the slopes is -1
3a -4

Hence from (a) above, a §:—1:>—:—1:>3a:—4:>a:—
2)\ 2 4 3
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Solutions/Answers to Exercises 4.1.3 of page 132
1. Find the distance between the line L given by y=2x+3 and each of the following

|ax, + by, + |

The origin () (2,3) (©) (1,5 (d)(-1,1)
(©) (1,5) L:y=2x+3< -2x+Yy-3 where a=-2,b=1c=-3andP(x,,y,) = (1,5) so that
lax, +by, +¢| |-2(1)+1(5)+(-3) |-2+5-3

2. Suppose L is the line through (1, 2) and (3, 2). What is the distance between L and

NOTE:- Distance from a line L: ax+by+c=0 to the point P(xo, yo) is given by d(P,L)=

d(P,L)= =0 ,whichmeansthe pointisontheline

(a) The origin (b) (2,-3) (© (8,0 (d) (a,b) (e) (a2)
[t is similar to question number 1 but here we have to determine the equation of the line
m= % =0 which means the line is horizontallineL:y -2 =,wherea=0,b=1andc=-2

lax, +by, +¢| [0(a)+1(b)+(-2) -2
Ja? +b? ©f +@f 1
3. Suppose L is vertical line that crosses the x-axis at (5, 0. Find d(P, L), when P is
(a) The origin (b) (2,-4) (c) (0,b) (d)(5,b) (e) (ab)
In a similar way to question number 2, the equation is x-5=0 wherea=1,b=0andc =-5
jax, +by, +¢| _[i(a)+0(b)+(-5) _[a-5 _ a5
N () ()
4. Suppose L is the line that passes through (0, -3) and (4, 0). Find the distance between L and each
of the following points.

(@) The origin (b) (1,4) (¢) (-1,0) (d) (8,3) (e)(0,1) (O (4.-2) () (1,-9/4) (h) (7,-4)
Similar to question numbers 1 and 2
5. The vertices of AAEC are given below. Find the length of the side BC, the height of the altitude

(d) P(a,b), d(P,L)=

b-2

(e) P(a,b):d(P,L)=

from the vertex A to BC, and the area of the triangle when its vertices are
(a)A(3,4),B(2,1)and C(6,1) (b) A(3,4),B(1,1) and C(5, 2)
(b) Since (a) and (b) are similar, let us work out (b) A(3, 4), B(1, 1) and C(5, 2)
The length of BC is the distance from B to C
d=B-1F +(2-17 =4>+1> =417
the height of the altitude from the vertex A to BC is the distance from point A to line BC, so that
we have to determine the equation of line BC.
m :E:E, equation:y—_lzl:>4y—4= X—-1=L:Xx-4y+3=0 isequation of line BC
5-1 4 x-1 4
lax, +by, +¢| [(3)+-4(4)+(3) [3-16+3 10

Jaieb?t  Jape(cap 7T 17

A(3,4),d(A L)=
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To find the area of the triangle we have to determine the lengths of each side:
BC=+/17 done above

AB=4/(3-1) +(4-1f =22 +3 =13
AC=+3-5F +(4—2) =y(-2F+2° =8

a+b+C_\/ﬁ+\/E+\/§
2 )

Let BC=a= Jﬁ,AszzJﬁ,ACzczx/g and, s = >

then the area of the triangle is given by:

:\/(\/ﬁ+\/1_3+\/§—Zﬁ]{\/ﬁ+\/ﬁ+\/§—2\/l_3j(\/ﬁ+\/l_3+\/§—2\/§J
2 2 2

2 2 2

6. Consider the quadrilateral whose vertices are A(1, 2), B(2, 6), C(6, 8) and D(5, 4). Then
(a) Show that the quadrilateral is parallelogram

17

First let us find the lengths of the sides, AB, BC, CD, AD A a
AB =/(1-2) +(2-6) =17,BC =(2-6) +(6-8) =+/20,
CD =/(6-5)" +(8-4) =17, AD = /(L-5)* +(2- 4 =+/20 /20 /20
Since the lengths of the two pairs of the opposite sides of
the quadrilateral are equal, it is a parallelogram. 17

(b) How long is the side AD? AD = \/(1—5)2 +(2- 4)2 =20

(c) What is the height of the altitude of the quadrilateral from vertex A to side AD?

Does it want to say from vertex A to side CD or side BC? [since A is on AD, no distance]

Now, anyway to determine the type of the parallelogram, let us determine Angle D.

Consider AADC. To find the altitude from Point A to side DC, we have to determine the distance from

point A to line DC just after determining the equation of line DC

DC:m :H = 4:Equation:y—_4

6-5 X—5

[4(0)+(-1)(2)-16 _|4-2-16 14 1417
J42 + (-1 J17 V17

(b) Determine the area of the quadrilateral

=4=y-4=4x-20= L:4x-y-16=0istheeqaution

d(AL)= is the altitudeto the base DC =+/17

From 6(c) above we have Area:(\/ﬁ(ﬁj =14 square unit

V17
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Solutions/Answers to Exercises 4.2.1. of page 134
1. Suppose the center of a circle is C(1,-2) and P(7, 6) is a point on the circle. What is the radius of
the circle?
Since radius of a circle is the distance from the center of the circle to any point of the circle:

r=CP=(7-1) +(6——2) =+/36+64=10
2. LetA(1, 2) and B(5, -2) are endpoints of a diameter of a circle. Find the center and radius of the

circle.
Center is the midpoint of end points of the diameter, and radius is half the length of the diameter,

c-ArB_ [1+5, 2+_2j =(3,0) is the center

2 2 2
d=AB=(B-1f +(2--2) =+16+16 =42 is the length of the diameter and hence
r= d = g =22 is the length of theradius

2

3. Consider a circle whose center is the origin and radius is /5 . Determine whether or not the
circle contains the following point.
Here we need to find the distance from the given point to the center and hence if this distance is less
than the radius, the point is inside the circle, if this distance is equal to the radius the point is on the
circle, if this distance is greater than the radius the point is outside the circle. Let us workout (g)
(a) (1,2) (b) (0,0) (c) (0,-V/5 ) (d) (3/2, 3/2) (&) (5.,0) (F) (-1, -2), (g) (v3.+/2) (h) (5/2, 5/2)

Here we need to find the distance from the given point to the center and hence if this distance is less
than the radius, the point is inside the circle, if this distance is equal to the radius the point is on the
circle, if this distance is greater than the radius the point is outside the circle. Let us workout (g), (h)

() (v3,4/2), Radius =+/5 , Center=C(0, 0), P(+/3,+/2)

CP = \/(\/§ —O)2 + (\/E —0)Z = \/3+2 =+/5=r,then the point (\/5 \/z)isonthecircle
(h) (5/2, 5/2), Radius =+/5 , Center=C(0, 0), P(5/2, 5/2)

_ " oY o= 28,25 50 25 5 _J5~
CP=+/(5/2-0) +(5/2-0) = ot _\/: \/Z =354, butr J5~158

hence CP >r so that p is out side the cercle
4. Consider a circle of radius 5 whose center is at C(-3, 4). Determine whether each of the
following points is on the circle, inside the circle or outside the circle:
(a) (0,9), (b)(0,0), (c)(1,6), (d)(1,0), (e)(-7,1), (f)(-1,-1), (g)(2,4), (h)(5/2,5/2)
Similar to question number 3
Let us work (b), (c) and (f)
r=5,C(-3,4)

(b) P(0,0), CP = /(-3—0) +(4—0)* =+9+16 =25 =5=r,50 P is on the circle
() P(1,6), CP = /(=3-1)* +(4—6)} =+/16+4 =~/20 <5=r,50 Pis inside the circle

() P(-1,-1), CP = J(=3-—1f +(4— 1} =4+ 25 =+29 >5=r,s0 Pis outside the circle
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Solutions/Answers to Exercises 4.2.2. of page 136-137
1. Determine whether each of the following points is inside, outside or on the circle with equation x* + y*> =5

() (-1, 2), (b) (3/2,2) () (0,~V5) (@) (-1, 3/2)
Similar to questions 3 and 4 in Exercises 4.2.1. of page 134
2. Find an equation of the circle whose endpoints of a diameter are (0, -3) and (3, 3).
Similar to questions 2 in Exercises 4.2.1. of page 134
3. Determine an equation of a circle whose center is on y-axis and radius is 2.
Let the center be (0,b). hen the equation is .
(x=0) +(y—b) =2* = x* +(y-b) =4 A y-axis
4. Find an equation of the circle passing through (1, 0) and (0, 1)
which has its center on the line 2x + 2y =5. [
Let the center be C = (a, b)
Since C(a, b) is on the line 2x + 2y =5, 2a+2b=5 ...... [eqgn. 1]
And the equation of the circle is (x—a)2 +(y—b)2 =r’ < o= e -X-axis
Hence sine (0, 1) and (1, 0) are on the circle, (2.0) 2X+2y=5
(@a=0P+b-1=r*=(a-1  +(b-0f @ a’+(b-1°=(a-L,
< a’+b*—-2b+1=a’-2a+1+b* <= a*+b*-2b+1-a”*+2a-1-b*=0
= (a2 —a2)+(b2 —bz)—2b+2a+(1—l)=0 —2a=2b<a=b........ [egn2]
Using egn. 1 and 2 above, we get, 2a+2b=5=2a+2a=5=>a=b=5/4= C=(5/4,5/4)
Using point (1, 0) on the circle, and the center C = (5/4, 5/4) , we can find the radius r:

5 2 5 2 25 1 /26
r = ——0| +|=—-—1 =,|—+— =——
4 4 16 16 4

Therefore, the equation is (x—5/4) +(y—-5/4) =

{0,1]1 alC{a,b)

26
16
5. Find the value(s) of k for which the equation 2x* + 2y*+ 6x — 4y + k = 0 represent a circle.

2x% +2y* +6x -4y +k=0<> x* + y* +3x -2y + k/2 = 0 [dividing both sides of the equation by 2]
< (x+3/2° +(y—1)* =—k/2+9/4+1 [completing thesquare]

which is acircle with C =(-3/2,1) and radius for some valueof r=,/—k/2+9/4+1

But the radius r = J—k/72+97/4+1 should be some positive real number

Thenr=.-k/2+9/4+1 >O:>#>O:>13—2k>0:>13>2k:>k<6.5

6. An equation of a circle is 2x*+ 2y*+ 6x — 6y + k = 0. If the radius of the circle is 2, .then what is the
coordinates of its center?

2x? +2y* +6x-6y+k=0= x> +y? +3x-3y=-ki2= (x +3/2) + (y-3/2f =—k/2+9/4+9/4
< (x+3/2)° +(y—3/2) =—k/2+9/2 = The corditates of the center=(-3/2,3/2)
If it is neccessaryto determine k:=>r=2=+-k/2+9/2=,/(9-k)/2 =>9-k=8=k=1
7. Find equation of the circle passing through (0,0), (4, 0) and (2, 2).
Consider the equation of the circle to be: x> + y*> + Dx+ Ey + F =0, then




when(x, y)=(0,0): 0 +0? + D(0)+ E(0)+ F =0 F=0 F=0

when(x,y)=(4,0): 4> +0? + D(4)+ E(0)+ F =0 =416+4D+F =0 —=116+4D =0

when(x,y)=(2,2): 2° +2° + D(2)+ E(2)+ F =0 4+4+2D+2E+F =0 2D+2E=-8
F=0 F=0 F=0

= D=-4 = D=-4 = D=-4

2D +2E=-8 2(-4)+2E=-8 E=0

Therefore, the equationis x> + y> —4x=0= (x—2f +y* =4
which is equationof a circle withcenterC = (2,0) and radiusr = 2

8. Find equation of the circle inscribed in the triangle
with vertices (-7, -10), (-7, 15), and (5,-1). A (-7,15) y-axis
As seen in the fig or concept of circle inscribed in the triangle, |
The sides of the triangle are tangents to the circle.
Therefore, distance from the center (a, b) to each of the sides of
the triangle are equal to the radius, r.
d(c,AB )=d(c, AC)=d(c,BC )=r
(i)AB has the same first cordinate so thatthe equationis s
a vertical line, i.e., X =—7 = x + 7 = Ois the equationof AB (5,-1)=C
(i)ac: Y15 _-1-15_ y-15_-16_-4
X——7 5-—--7 X+7 12 3
= (3)y—15)=(-4)x+7)
— 4x+3y —17 =0 is the equationof AC
(i) BC - y--1 -10--1 y+1 -9 3

= = = _
X—-5 —7-5 x-5 =12 4
— 4(y +1)=3(x—5)=3x -4y -19=0 is the equationof BC

B{-7,-10)

—\_ |@xa)+7| ——\_|(@)a)+(B)b)+17| |4a+3b+17|
diC,AB |=E2_—2L_—la+7|, dIC,AC )= =
S B B S v o 5
——\_[BXa)+(—4)b)—19 [3a—4b—19
d\C,BC )= = where a > -7 and bnear to zero
( ) 32+ (—4) 5
|4a+3b-17| [3a—4b-19 4a+3b—17 3a-4b-19
r=|a+7|= = =a+7=— ——F = |=| == = -
5 5 5 5
—4a—-3b+17 —-3a+4b+19
=a+7= =
5 5
—-4a-3b+17 —-4a-3b+17 -3a+4b+19
a+7:# and c = c
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—>ba+35=—4a-3b+17and 4a+3b-17=3a-4b-19

=9%a=-3b-18 and a+7b=-2

:>a:—1b—2 and (—lb—2j+7b:—2
3 3

:a=—%b—2 and (20/3)=0=b =0

:>a:—lb—2:>a:a:—2 which means C =(-2,0)and r=-2+7=5

Therefore (x +2)° + y? = 25 is the equationof the circle

9. In each of the following, check whether or not the given equation represents a circle. If the equation

represents a circle, then identify its center and the length of its diameter.

(@) X*+y’—18x +24y =0 (b) x>+ y*—2x + 4y +5=0 (c) X*+y’—4x -2y +11=0
(d) 5x*+ 5y° +125x + 60y -100=0  (€) 36x*+ 36y° +12x + 24y-139=0 (f) 3x*+3y> +2x + 4y+6 =0
For the equation x> + y*+Dx + Ey +F=0 , if D* +E> — 4F >0, then the equation represents a circle of

with center C = [?%) and radius r =% D2+ E?-4F

but when D? + E? —4F =0 OR D? + E* —4F <0, the equationdoesNOT representacircle
(@) x? +y?-18x+24y=0 = D?+E? —4F =(-18) +(24)* + -4(0)=324+576=900>0

= The equationrepresentsa circle, C = (%18_724') =(9,-12)and r :%\/900 =15

(C)X* +y?-4x-2y+11=0 = D?* + E? —4F = (- 4f +(-2f +-4(11)=16+4—-44=-24<0
= The equationdoes not representsa circle.

(d) 5% +5y® +125x+ 60y-100=0 which should be reduced to the form

whose cooficiens of x> and y* should be 1, so that:

5x* +5y® +125x+60y-100=0= x> + y* + 25x +12y-20 =0 [dividing both sides by 5]

= D?+ E? —4F =(25)° +(12)* + —4(- 20)=625+144+80=849>0

= The equationrepresentsa circle, C =(_225, _;ZJ =(_225,—6J and r :% V849

All the others can be worked out in a similar way.
10. Show that x* + y* + Dx + Ey + F = 0 represents a circle of positive radius iff D’ + E*- 4F > 0.

2 2 2 2 2 2 2 2
x2+y2+Dx+Ey+F:0:>(x+2) +(Y+§) :—F+Z+E4:>(x+2j +(y+E) _D +E —4F

2 4

If suchaformis to be equation of circle,C = (ZD_ZEJ isthecenter and

2 2
r= u:% D?+E?—4F >0 istheradius

4
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Solutions/Answers to Exercises 4.2.3. of page 138

1. Find the equation of the line tangent to the circle with the center at (-1, 1) and point of tangency at (-1, 3).

The distance between the center and the point of tangency is the radius of the circle so that:

r=y(-1--1f + (-3 =Vo+4 -

thereforgequationis (x — —1)* +(y —1) =2 & (x+1F +(y-1) =4

2. The center of a circle is on the line y =2x and the line x=1 is tangent to the circle at (1, 6). Find the center
and radius of the circle.
Let the center be C = (a, b) then the radius is:

()@)+ (0Xb)+-1

r= o = |a—]4 whichisthedistan ce fromthecenterC = (a,b)andthetan gentlinex =1
1°+0

thereforgequationis (x ——1)° +(y —1)° = 2> < (x+1) +(y —1)* = 4 and olternatiely

r=+(a—17 +(b-6) which isthedistan ce fromthecentertothe point of tan gency(L6)

Therefe r =+(a—1) +(b—6) =ja-1 = (a—1? +(b—6) =Ja-1° = (b—6)’ =0=b-6=0=b=6
butsincethecenterisony=2x=>b=2a=6=2a=a=3
andr=3-1=2

thereforeC =(3,6) andr = 2= (x—3)° +(y —6)° = 4istherquation
3. Suppose two linesy = x and y = x — 4 are tangent to a circle at (2, 2) and (4, 0), respectively.

Find equation of the circle.

Let the center be C = (a, b) then the radius is:
r=y@@-2f+b-2f =(a-4? +(b-0)7 = (a-27 +(b-2) = (a—4) +(b)

=a’—-4a+4+b°—4b+4=a’-8a+16+b*>=>a’—-a’—-4a+8a+b’—b*—4b=16-8

—>4a-4b=8=a-b=2=a=b+2
=r=y(@a-2¢+(b-2 =(b+2)-27 +(b-2) =+(b-2) +(b} =+b>—4b+4+b* =2J2-b
and usingthecenterand oneof thetan gentlines,say,y =x= x—y =0,wedeter minetheradius,
distan ce fromthecentertotheline,

KJP o] B b5 = ot =222 B)= (a-b) =80 -b)

((b+2)—b) =8(2—b):>4=16—8b:8b=12:>b=3/2
Buta=b+2=a=3/2+2=a=7/2=thecenterC =(a,b)= C =(7/2,3/2)

Sr=y(@a-2P+(b-2F =r=4(7/2-27 +(3/2-2) =r=/(38/2) +(~1/2) :3\/E:>r=%\/ﬁ

2
thereforetheequationis(x—7/2)2+(y—3/2)2=(%\/ﬁj = (x=7/2) +(y-3/2) 140
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4. Find an equation of the line tangent to the circle x*+ y*+ 2x -2y = 2 at (1,1).

X2 +y? +2x-2y=2= (x +1)° +(y-1f =2+1+1= (x +1) +(y-1 =4

= Center C = (-1,1), radiusr = 2

= thelineL_ passing throughthecnter(-121)and point of tan gency(L1) is
perpendicdartothetan gentline

Thenslope of L .ism, = % = 0= thislineis horizontalandthetan gentlineis

vertical passin g throgh (1,1) sothattheequationis x :1)
5. Find equation of the line through (\/ﬁ 0) and tangent to the circle with equation x>+ y*= 16

x> +y? =16 = C=(0,0)andr = 4

Letthe point of tan gencybe P, (m, n)

thenr =4=+/m? +n?

y-axis

thelineL, passing throughthecnterC(0,0)

and point of tan gencyP,(m,n)is 5
perpendicdartothetan gentline, L,

n—-0 n - I
m-0 - E — L,

= theslopeof thetan gentline, L, is —m__n-0

n m-+32
n2=—m(m—\/§):>n2=—m2+\/§m:>n2+m2:\/ﬁm and m”+n”=16 from(eqn6.a)

:@m=16:m=£:m:%\/ﬁ

J32

2
But m*+n®=16= (%\/@j +n2=16=>n2=16-8=>n=422

Thenslopeof L, ism, =

P :(%\/@,Zﬁj orP, =(%\/§,—2\/§jwhich are two lines whose slopes are:

272 -0 42 —2\J2-0  -42

= =-10R m, = =1 andthe equatinsare:

:;\/3—2_\/3—2_—4\/5 :;\/@_\/3—2_—4\/5

1

Ll. y_O y_o =1
"x—+/32 x—~/32
:>L1:y+x—\/§:0 OR L2:y—x+\/§:0

=—10R L,:



6. Suppose P(1,2) and Q(3, 0) are the endpoints of a diameter of a circle and L is the line tangent
to the circle at Q.
(@) Show that R(5, 2) ison L.
(b) Find the area of APQR, when R is the point given in (a).

+Q_2)+(60) (143 2+0)

(a) Center, Center,C =
2 2

Slope of the line passing through C & Q is ;_ =—-1 which is perpendicular to the tangent line

Passing through Q.
So, the slope of the tangent line passing through Q is 1,
And its equationis L. y=0 =1= y—x+3=0 s the equation

Take R(5,2) to substitute in
y—x+3=0=2-5+3=0=0=0 which is true

meaning RisonL.
(b) To find area of APQR,

first let us determine PQ, PR & QR | P@12) R(5,2)
PR=+/(5-17 +(2-2) =42 =4

2 2 2 _ —
PQ=(3-1) +(2-2)0% =v2? +2% =8=2\2 AT

QR=+(5-3) +(2-0) =~22+2? =\B=22
And (PQY +(QR)’ =(PR)*since (2\/5)Z +(2\/§)2 =4

= 8+8=16s true
which meansAPQR isaright—angledtriangel theright angle at Q.

Then theareaof APQR == (PQ)(QR (2\/_X2\/_) = 4squnit
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