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Unit ONE 

Solutions/Answers to  Exercises of page 6 
 
1. Which of the following sentences are propositions? For those that are, indicate the truth value.  

                                                          Solutions/Answers 
a. 123 is a prime number.   It is a proposition with truth value true T. 
b. 0 is an even number.   It is a proposition with truth value true T. 
c. 𝑥2−4=0.     It is not a proposition. 
d. Multiply 5𝑥+2 by 3.   It is not a proposition. 
e. What an impossible question! It is not a proposition. 
 
2. State the negation of each of the following statements.  
       Solutions/Answers 
a. √2 is a rational number.  √2 is not a rational number.            
b. 0 is not a negative integer.  0 is a negative integer. 
c. 111 is a prime number.   111 is not a prime number. 
 
3. Let 𝑝: 15 is an odd number.  
           𝑞: 21 is a prime number.  

                                      Solutions/Answers 
a. qp :  15 is an odd number or 21 is a prime number.       Truth value True 

b. qp  :  15 is an odd number and 21 is a prime number.       Truth value False 

c. qp  : 15 is not an odd number or 21 is a prime number.      Truth value False 

d. qp  : 15 is an odd number and 21 is not a prime number.      Truth value True 

e. qp : If 15 is an odd number then 21 is a prime number.      Truth value False 

f. pq : If 21 is a prime number then 15 is an odd number.      Truth value True 

a. qp  : If 15 is not an odd number then 21 is not a prime number.    Truth value True 

g. pq  : If 21 is not a prime number then 15 is not an odd number.    Truth value False  

4. Complete the following truth table.  

p q 𝒒 𝒑∧𝒒 

T T F F 

T F T T 

F T F F 

F F T F 
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Solutions/Answers to  Exercises of pages 11-12 
 

1. For statements 𝑝, and 𝑟, use a truth table to show that each of the following pairs of statements is 

logically equivalent.  

a. (𝑝∧𝑞)⟺𝑝 and 𝑝⟹𝑞.  
 

Therefore, (𝑝∧𝑞)⟺𝑝 and 𝑝⟹𝑞 are logically equivalent,  
since the forth and the fifth columns have  
the same truth values . 

   

b. 𝑝⟹(𝑞∨𝑟) and 𝑞⟹(𝑝∨𝑟).  
Therefore,  
𝑝⟹(𝑞∨𝑟) and  
𝑞⟹(𝑝∨𝑟) are 
logically equivalent. 
since the eighth and 
 the ninth columns have  
the same truth values . 

 

c. (𝑝∨𝑞)⟹𝑟 and (𝑝⟹𝑞)∧(𝑞⟹𝑟).  
The truth values of the 
combinations differ in  
the third row of the  
seventh and the eighth  
columns where   
(𝑝∨𝑞)⟹r  is T and 
(𝑝⟹𝑞)∧(𝑞⟹𝑟) is F so that  
𝑝∨𝑞)⟹𝑟  and (𝑝⟹𝑞)∧(𝑞⟹𝑟) are 
not logically equivalent. 

 

d. 𝑝⟹(𝑞∨𝑟) and (𝑟)⟹(𝑝⟹𝑞).  
The truth values of the combinations differ in  the second and forth rows of the seventh and  
the eighth columns so that 𝑝⟹(𝑞∨𝑟) and (𝑟)⟹(𝑝⟹𝑞)  are not logically equivalent.  
 

 
 
 
 
 
 
 
 
 
 

P Q 𝑝∧𝑞 (𝑝∧𝑞)⟺𝑝 𝑝⟹𝑞 
T T T T T 
T F F F F 
F T F T T 
F F F T T 

P Q r 𝑞∨𝑟 P 𝑞 𝑝∨𝑟 𝑝⟹(𝑞∨𝑟) 𝑞⟹(𝑝∨𝑟) 
T T T T F F T T T 

T T F T F F F T T 

T F T T F T T T T 
T F F F F T F F F 
F T T T T F T T T 
F T F T T F T T T 
F F T T T T T T T 

F F F F T T T T T 

P q r 𝑝∨𝑞 𝑝⟹𝑞 𝑞⟹𝑟 (𝑝∨𝑞)⟹𝑟 (𝑝⟹𝑞)∧(𝑞⟹𝑟) 
 T T T T T T T T 
T T F T T F F F 
T F T T F T T F 

T F F T F T F F 

F T T T T T T T 

F T F T T F F F 

F F T F T T T T 

F F F F T T T T 

P q r 𝑟 𝑞∨𝑟 𝑝⟹𝑞 𝑝⟹(𝑞∨𝑟) (𝑟)⟹(𝑝⟹𝑞) 
 T T T F T T T T 
T T F T F T F T 
T F T F T F T T 
T F F T T F T F 
F T T F T T T T 
F T F T F T T T 
F F T F T T T T 
F F F T T T T T 
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e. 𝑝⟹(𝑞∨𝑟) and ((𝑟)∧𝑝)⟹𝑞.  
The truth values of the  
combinations the propositions  
of  the seventh and  
the eighth columns are  
the same so that  
𝑝⟹(𝑞∨𝑟) and (𝑟)⟹(𝑝⟹𝑞)  
are logically equivalent. 
 

 
2. For statements 𝑝, q, and 𝑟, show that the following compound statements are tautology.  
a. 𝑝⟹(𝑝∨𝑞).  

𝑝⟹(𝑝∨𝑞 is a tautology since all the possible combinations  
in the last column are all T 

  
b. (𝑝∧(𝑝⟹𝑞))⟹𝑞.  

(𝑝∧(𝑝⟹𝑞))⟹𝑞 is a tautology since all  
the possible combinations in the last  
column are all T 

 
c. ((𝑝⟹𝑞)∧(𝑞⟹𝑟))⟹(𝑝⟹𝑟).  

 
 
 
 
 
 
 
 
 
 
 

((𝑝⟹𝑞)∧(𝑞⟹𝑟))⟹(𝑝⟹𝑟) is a tautology since all the possible combinations in the last  
column are all T 
 
 
 
 

p q r 𝑟 𝑞∨𝑟 (𝑟)∧𝑝  𝑝⟹(𝑞∨𝑟)  ((𝑟)∧𝑝)⟹𝑞 

 T T T F T F T T 

T T F T T T T T 

T F T F T F T T 

T F F T F T F F 

F T T F T F T T 

F T F T T F T T 

F F T F T F T T 

F F F T F F T T 

p q 𝑝∨q 𝑝⟹(𝑝∨𝑞) 

 T T T T 

T F T T 

F T T T 

F F F T 

p q 𝑝⟹q 𝑝∧(𝑝⟹𝑞) (𝑝∧(𝑝⟹𝑞))⟹𝑞 

T T T T T 

T F F F T 

F T T F T 

F F T F T 

p q r 𝑝⟹q 𝑞⟹𝑟 𝑝⟹𝑟 (𝑝⟹𝑞)∧(𝑞⟹𝑟) ((𝑝⟹𝑞)∧(𝑞⟹𝑟))⟹(𝑝⟹𝑟) 

  T T T T T T T T 

T T F T F F F T 

T F T F T T F T 

T F F F T F F T 

F T T T T T T T 

F T F T F T F T 

F F T T T T T T 

F F F T T T T T 
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(𝑝∧𝑞)∧(𝑝∧𝑞) is a contradiction since the last  
column has all the truth values F 

 
4. Write the contrapositive and the converse of the following conditional statements.  

 
a. If it is cold, then the lake is frozen. 

                                           Contrapositive: If the lake is not frozen then it is not cold. 
                                        Converse: If the lake is frozen then it is cold. 
  b. If Solomon is healthy, then he is happy. 

                                      Contrapositive: If he is not happy then Solomon is not healthy. 
                                    Converse: If he is happy then Solomon is healthy. 

  c. If it rains, Tigist does not take a walk. 
                                    Contrapositive: If Tigist takes a walk, it doesn't rain. 

                                   Converse: If Tigist doesn't take a walk, it rains. 
   

5. Let 𝑝 and 𝑞 be statements. Which of the following implies that 𝑝∨𝑞 is false?  
  

  𝑝∨𝑞 is false means  p is True and q is False so that: 

 a.  𝑝∨𝑞 is false. 

         𝑝 is F and  𝑞 is T which implies  F ∨ T which implies T so that 𝑝∨𝑞 is T 

 b. 𝑝∨𝑞 is true. 

       This means F or F which is F 

 c. 𝑝∧𝑞 is true. 

       This means F ∧ T which is F 

 d.  𝑝⟹𝑞 is true. 

        This means T implies F which is F 

 e.  𝑝∧𝑞 is false. 

 This means T and F which is F 

 So for in general  for question number 5 , the answers are b, c, d, e 

 

3. For statements 𝑝 and 𝑞, show that (𝑝∧𝑞)∧(𝑝∧𝑞) 
is a contradiction. 

   

    

 

P q 𝑞 𝑝∧q 𝑝∧𝑞 (𝑝∧𝑞)∧(𝑝∧𝑞) 

 

T T F F T F 

 

T F T T F F 

 

F T F F F F 

 

F F T F F F 
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6. Suppose that the statements 𝑝, q, 𝑟, and 𝑠 are assigned the truth values 𝑇,,, and 𝑇, respectively. 

Find the truth value of each of the following statements. 

a.  (𝑝∨𝑞)∨𝑟. 

        (T∨F)∨F which gives T∨F and gives T 

b. 𝑝∨(𝑞∨𝑟). 

      T∨(F∨F) which gives T∨F and gives T 

c. 𝑟⟹(𝑠∧𝑝)  

      F⟹(T∧T) which gives  F⟹T which also gives T 

d.  𝑝⟹(𝑟⟹𝑠). 

      T⟹(F⟹T) which gives T⟹T which also gives T 

e.  𝑝⟹(𝑟∨𝑠). 

      T⟹(F∨T) which gives T⟹T which 
lso gives T 

f.  (𝑝∨𝑟)⟺(𝑟∧Ø𝑠). 

      (T∨F)⟺(F∧F) which gives T⟺F which also gives F 

g.  (𝑠⟺𝑝)⟹(Ø𝑝∨𝑠). 

      (T⟺T)⟹(F∨T) which gives T⟺T which also gives T 

h.  (𝑞∧Ø𝑠)⟹(𝑝⟺𝑠). 

      (F∧F)⟹(T⟺T) which gives F⟹T which also gives T 

i.  (𝑟∧𝑠)⟹(𝑝⟹(Ø𝑞∨𝑠)). 

       (F∧T)⟹(T⟹(T∨T)) which gives F⟹(T⟹T) which also gives T⟹T and also gives T 

j.  (𝑝∨Ø𝑞)∨𝑟⟹(𝑠∧Ø𝑠). 

      (T∨T)∨F⟹(𝑠∧Ø𝑠) which gives F⟹(T⟹T) which also gives T⟹T and also gives T 

7.  Suppose the value of 𝑝⟹𝑞 is 𝑇; what can be said about the value of 𝑝∧𝑞⟺𝑝∨𝑞? 

     𝑝⟹𝑞 is 𝑇 has three cases which are p is T and q is T; p is F and q is T; ; p is F and q is F 

  Case 1):-  When p is T and q is T then 𝑝∧𝑞⟺𝑝∨𝑞 means F∧T⟺T∨T which is F ⟺ T which is F 

 Case 2):-  When p is F and q is T then 𝑝∧𝑞⟺𝑝∨𝑞 means T∧T⟺T∨T which is T ⟺ T which is T 

  Case 3):-  When p is F and q is F then 𝑝∧𝑞⟺𝑝∨𝑞 means T∧F⟺F∨F which is F ⟺ T which is F 

   Therefore, 𝑝∧𝑞⟺𝑝∨𝑞 has a truth value of either T or F 

 

 

 

 

Join Us On Telegram @Qesem_University



6 
 

8. a. Suppose the value of 𝑝⟺𝑞 is 𝑇; what can be said about the values of 𝑝⟺𝑞 and 𝑝⟺𝑞?  

       𝑝⟺𝑞 is 𝑇 means p and q have the same truth value 

       Which means p is T and q is T   or p is F and q is F 

      Therefore, when p is T and q is T  then 𝑝⟺𝑞 means T⟺F and 𝑝⟺𝑞 means F⟺T 

                           which means F  

        And, when p is F and q is F then 𝑝⟺𝑞 means T⟺T and 𝑝⟺𝑞 T⟺T    which means T  
 

    b. Suppose the value of 𝑝⟺𝑞 is 𝐹; what can be said about the values of 𝑝⟺𝑞 and 𝑝⟺𝑞? 

        𝑝⟺𝑞 is 𝐹 means p and q have different truth values  

which means p is T and q is F   or p is F and q is T 

      Therefore, when p is T and q is F  then 𝑝⟺𝑞 means T⟺T and 𝑝⟺𝑞  means F⟺F 

                           which means T  

9. Construct the truth table for each of the following statements. 

a. 𝑝⟹(𝑝⟹𝑞). 

P q 𝑝⟹𝑞  𝑝⟹(𝑝⟹𝑞) 

T T T T 

T F F F 

F T T T 

F F T T 
 

b. (𝑝∨𝑞)⟺(𝑞∨𝑝). 

p q 𝑝∨𝑞 𝑞∨𝑝 (𝑝∨𝑞)⟺(𝑞∨𝑝) 

T T T T T 

T F T T T 

F T T T T 

F F F F T 
 

c. 𝑝⟹(𝑞∧𝑟). 

p q r 𝑞∧𝑟 (𝑞∧𝑟) 𝑝⟹(𝑞∧𝑟) 

T T T T F F 

T T F F T T 

T F T F T T 

T F F F T T 

F T T T F T 

F T F F T T 

F F T F T T 

F F F F T T 
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d. (𝑝⟹𝑞)⟺( 𝑝∨𝑞). 

p q 𝑝 𝑝⟹𝑞 𝑝∨𝑞 (𝑝⟹𝑞)⟺( 𝑝∨𝑞) 

T T F T T T 

T F F F F T 

F T T T T T 

F F T T T T 
 

e. (p⟹(q∧r))∨(p∧q). 

p q r p q∧r p∧q p⟹(q∧r) (p⟹(q∧r))∨( p∧q) 

T T T F T F T T 

T T F F F F F F 

T F T F F F F F 

T F F F F F F F 

F T T T T T T T 

F T F T F T T T 

F F T T F F T T 

F F F T F F T T 
 

f. (𝑝∧𝑞)⟹((𝑞∧𝑞)⟹(𝑟∧𝑞)). 

p Q r q 𝑝∧𝑞 𝑞∧𝑞 𝑟∧𝑞 ((𝑞∧𝑞)⟹(𝑟∧𝑞)) (𝑝∧𝑞)⟹((𝑞∧𝑞)⟹(𝑟∧𝑞)) 

T T T F T F T T T 

T T F F T F F T T 

T F T T F F T T T 

T F F T F F F T T 

F T T F T F T T T 

F T F F T F F T T 

F F T T F F T T T 

F F F T F F F T T 
 

10. For each of the following determine whether the information given is sufficient to 

decide the truth value of the statement. If the information is enough, state the truth 

value. If it is insufficient, show that both truth values are possible.  

a. (𝑝⟹𝑞)⟹𝑟, where 𝑟=𝑇.  

      r =T is sufficient to determine the truth value of (𝑝⟹𝑞)⟹𝑟  

       since when r =T, whatever the truth value of  𝑝⟹𝑞 is, r =T gives (𝑝⟹𝑞)⟹𝑟 is T 
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b. 𝑝∧(𝑞⟹𝑟), where 𝑞⟹𝑟=𝑇.  

      𝑞⟹𝑟=𝑇 is insufficient to determine the truth value of 𝑝∧(𝑞⟹𝑟) 

     Since when 𝑞⟹𝑟=𝑇, the truth value of is 𝑝∧(𝑞⟹𝑟) either T or F depending the  

    truth value of P, i.e.,  when 𝑞⟹𝑟=𝑇; p is T, then 𝑝∧(𝑞⟹𝑟) is T  

                                       when 𝑞⟹𝑟=𝑇; p is F, then 𝑝∧(𝑞⟹𝑟) is F 

c. 𝑝∨(𝑞⟹𝑟), where 𝑞⟹𝑟=𝑇.  

      𝑞⟹𝑟=𝑇 is sufficient to determine the truth value of 𝑝∨(𝑞⟹𝑟) 

      since when 𝑞⟹𝑟=𝑇, whatever the truth value of  𝑝 is, ⟹𝑟=𝑇 gives 𝑝∨(𝑞⟹𝑟) is T 

d. (𝑝∨𝑞)⟺(𝑝∧𝑞), where 𝑝∨𝑞=𝑇.  

𝑝∨𝑞=𝑇 is sufficient to determine the truth value of (𝑝∨𝑞)⟺(𝑝∧𝑞) 

Since 𝑝∨𝑞=𝑇 means (𝑝∨𝑞)is F and (𝑝∧𝑞) (𝑝∨𝑞) is F   

so that (𝑝∧𝑞) (𝑝∨𝑞) is T 

e. (𝑝⟹𝑞)⟹(𝑞⟹𝑝), where 𝑞=𝑇.  

𝑞=𝑇 is sufficient to determine the truth value of (𝑝⟹𝑞)⟹(𝑞⟹𝑝) 

Since 𝑞=𝑇 means 𝑝⟹𝑞 is T ;  𝑞 is F and 𝑞⟹𝑝 is T  

and hence (𝑝⟹𝑞)⟹(𝑞⟹𝑝) is T 

f. (𝑝∧𝑞)⟹(𝑝∨𝑠), where 𝑝=𝑇 and 𝑠=𝐹.  

    𝑝=𝑇 and 𝑠=𝐹 are sufficient to determine the truth value of (𝑝∧𝑞)⟹(𝑝∨𝑠) 

   Since 𝑝=𝑇 and 𝑠=𝐹 means 𝑝∨𝑠 is T and (𝑝∧𝑞)⟹(𝑝∨𝑠) is T whatever the truth  

   value of 𝑝∧𝑞 is. 

Even, only    𝑝=𝑇 is sufficient to determine the truth value of (𝑝∧𝑞)⟹(𝑝∨𝑠), 

Since 𝑝=𝑇 means 𝑝∨𝑠 is T for any truth value of s, 

and 𝑝∨𝑠 is T means (𝑝∧𝑞)⟹(𝑝∨𝑠) is T for any truth value of 𝑝∧𝑞 
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Solutions/Answers to  Exercises of pages 19-20 
 

1. In each of the following, two open statements 𝑃(𝑥,𝑦) and 𝑄(𝑥,𝑦) are given, where the domain  

     of both 𝑥 and 𝑦 is . Determine the truth value of (𝑥,)⟹𝑄(𝑥,𝑦) for the given values of 𝑥 and 𝑦.  

a. (𝑥,):𝑥2−𝑦2=0. and 𝑄(𝑥,𝑦):𝑥=𝑦. (𝑥,𝑦)∈*(1,−1),(3,4),(5,5)+.  

(𝑥,):𝑥2−𝑦2=0 is F since when (𝑥,)=(3,4); 𝑥2−𝑦2= 32−42=9-16=-7≠0    and 

(𝑥,):𝑥=𝑦 is F since when (𝑥,)=(3,4); 3=4 is F 

Therefore,  (𝑥,𝑦)⟹𝑄(𝑥,𝑦) means F⟹F which is T 

b. 𝑃(𝑥,𝑦):|𝑥|=|𝑦|. and 𝑄(𝑥,𝑦):𝑥=𝑦. (𝑥,𝑦)∈*(1,2),(2,−2),(6,6)+.  

(𝑥,):|𝑥|=|𝑦| is F since when (𝑥,)=(1,2);|1|≠|2|     and 

(𝑥,):𝑥=𝑦 is F since when (𝑥,)=(1,2);1≠2     

Therefore,  (𝑥,𝑦)⟹𝑄(𝑥,𝑦) means F⟹F which is T 

c. (𝑥,):𝑥2+𝑦2=1. and 𝑄(𝑥,𝑦):𝑥+𝑦=1. (𝑥,𝑦)∈*(1,−1), (−3,4), (0,−1), (1,0)}.  

(𝑥,): 𝑥2+𝑦2=1 is F since when (𝑥,)= (−3,4); (-3)2+42=1 is F      and 

Q(𝑥,𝑦): 𝑥+𝑦=1 is F since when (𝑥,𝑦)= (1,0);0=1 is F     

Therefore,  (𝑥,𝑦)⟹𝑄(𝑥,𝑦) means F⟹F which is T 

 

2. Let 𝑂 denote the set of odd integers and let (𝑥):𝑥2+1 is even, and (𝑥):𝑥2 is even. be open statements over the 

domain 𝑂. State (∀𝑥∈𝑂)(𝑥) and (∃𝑦∈𝑂)𝑄(𝑥) in words.  

For every odd integer x ,  𝑥2+1 is even   

and there is a an odd integer y such that  y2  is even   

 

3. State the negation of the following quantified statements.  

    a. For every rational number 𝑟, the number 1/𝑟 is rational.  

        Not for every rational number  , the number 1/𝑟  is rational. 

OR, For some rational number  , the number 1/𝑟  is not rational. 

    b. There exists a rational number 𝑟 such that 𝑟2=2.  

          Not there exists a rational number 𝑟 such that 𝑟2=2.  

OR,   For every a rational number , 𝑟2≠2.  
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4. Let (𝑛): 
3

6-5n
 is an integer. be an open sentence over the domain . Determine, with explanations, whether the 

following statements are true or false:  

a. (∀𝑛∈ℤ)(𝑛).  

    (∀𝑛∈ℤ)(𝑛) is False   since for 
3

1-

3

6-5x1

3

6-5n
1  thatsuchZn is not an integer. 

b. (∃𝑛∈ℤ)(𝑛).  

(∃𝑛∈ℤ)(𝑛) is True   since 2
3

6-

3

6-5x0

3

6-5n
0  thatsuchZn is an integer. 

 

5. Determine the truth value of the following statements.  

a. (∃𝑥∈ℝ)(𝑥2−𝑥=0).  

      True    (when we take x=1 ; 𝑥2−𝑥=0 which means 12−1=1−1=0 

b. (∀𝑥∈ℕ)(𝑥+1≥2).  

      False    (when we take x=−10 ; 𝑥+1=−10+1= − 9≥ 2 is false) 

a. (∀𝑥∈ℝ)(
2x =𝑥).  

False    (when we take x=−1 ;   1111
22  xx ) 

b. (∃𝑥∈ℚ)(3𝑥2−27=0).  

     True    (when we take x=3 ; 3𝑥2−27=3(3 2)−27=27−27=0) 

c. (∃𝑥∈ℝ)(∃𝑦∈ℝ)(𝑥+𝑦+3=8).  

True    (when we take x=3 & y=2 ; 𝑥+𝑦+3=3+2+3=8) 

d. (∃𝑥∈ℝ)(∃𝑦∈ℝ)(𝑥2+𝑦2=9).  

True    (when we take x= 8  &  y=1 ; 𝑥2+𝑦2=  28  + 12= 8+1= 9) 

e. (∀𝑥∈ℝ)(∃𝑦∈ℝ)(𝑥+𝑦=5).  

True    (since x is chosen first, we can determine a single y=5-x so that x+y = x+5-x=5) 

f. (∃𝑥∈ℝ)(∀𝑦∈ℝ)(𝑥+𝑦=5)  

True    (since y is chosen first, and then we vary x arbitrarily  after y is determined, 𝑥+𝑦=5 can’t be 

true like when we fix y=0, x could be any real number like 100, 0, -21 that makes 𝑥+𝑦=5 false ) 
 

6. Consider the quantified statement  

For every 𝑥∈𝐴 and 𝑦∈𝐴, 𝑥𝑦−2 is prime.  

where the domain of the variables 𝑥 and 𝑦 is 𝐴={3,5,11}.  

a. Express this quantified statement in symbols.  

Let P(x, y): 𝑥𝑦−2 is prime 

(∀𝑥∈A) (∀𝑦∈A)P(x, y) or  (∀𝑥∈A) (∀𝑦∈A) ( 𝑥𝑦−2 is prime).  

b. Is the quantified statement in (a) true or false? Explain. 

True     
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c.     [(∀𝑥∈A) (∀𝑦∈A)P(x, y)] or  [(∀𝑥∈A) (∀𝑦∈A) ( 𝑥𝑦−2 is prime].  

    OR  [(𝑥∈A) (𝑦∈A) P(x, y)] or  [(𝑥∈A) (𝑦∈A) ( 𝑥𝑦−2 is prime]. 
 

d. Is the negation of the quantified in (a) true or false? Explain.  

It is  False 

 since (∀𝑥∈A) (∀𝑦∈A)P(x, y) or  (∀𝑥∈A) (∀𝑦∈A) ( 𝑥𝑦−2 is prime). is True  

and the negation of True is False   

 

7. Consider the open statement (𝑥,):𝑥/𝑦<1. where the domain of 𝑥 is 𝐴={2,3,5} and the  

   domain of 𝑦 is 𝐵 = {2,4,6}.  

a. State the quantified statement (∀𝑥 ∈ 𝐴)(∃𝑦 ∈ 𝐵)𝑃(𝑥, 𝑦) in words.  

       For every 𝑥∈𝐴 and for some 𝑦∈B, 𝑥/𝑦<1. 

b. Show quantified statement in (a) is true.  

Since y is determined just after x is chosen  like when x=5, we can determine y=6 so that  

𝑥/𝑦= 5/6<1 is true. 
 

8. Consider the open statement (𝑥, 𝑦): 𝑥 − 𝑦 < 0. where the domain of 𝑥 is 𝐴 = {3,5,8} and the domain 

    of 𝑦 is 𝐵 = {3,6,10}.  

a. State the quantified statement (∃𝑦 ∈ 𝐵)(∀𝑥 ∈ 𝐴)𝑃(𝑥, 𝑦) in words.  

There is a 𝑦 in 𝐵 which stands to every x in A such that 𝑥 − 𝑦 < 0 

b. Show quantified statement in (a) is true.  

 

Let y=10, then for each x in A,  

i.e., x=3, x=5, or x=8 , x−y = 8−10 = −2< 0, x−y =5−10=−5< 0, , x−y =3−10=−7< 0 
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Solutions/Answers to  Exercises of pages 24-25 
 

1. Use the truth table method to show that the following argument forms are valid.  

i. 𝑝⟹𝑞, 𝑞 ├ 𝑝.  

It is to check whether ((𝑝⟹𝑞)𝑞)  𝑝 is tautology or not 
 

p q 𝑝 𝑞 𝑝⟹𝑞 (𝑝⟹𝑞)𝑞 ((𝑝⟹𝑞)𝑞)  𝑝 

T T F F T T T 

T F F T T F T 

F T T F F F T 

F F T T T F T 

Since ((𝑝⟹𝑞)𝑞)  𝑝 is a tautology, 𝑝⟹𝑞,𝑞 ├ 𝑝 is valid 

ii. 𝑝⟹𝑝,,⟹𝑞 ├ 𝑟.  

It is to check whether {[(𝑝⟹𝑝)𝑝](𝑟⟹𝑞)}  𝑟 is tautology or not 
 

p q r p 𝑝⟹𝑝 (𝑝⟹𝑝)𝑝 𝑟⟹𝑞 [(𝑝⟹𝑝)𝑝](𝑟⟹𝑞) {[(𝑝⟹𝑝)𝑝](𝑟⟹𝑞)}  𝑟 

T T T F F F T F T 
T T F F F F T F T 
T F T F F F F F T 
T F F F F F T F T 
F T T T T F T F T 
F T F T T F T F T 
F F T T T F F F T 
F F F T T F T F T 

 

Since {[(𝑝⟹𝑝)𝑝](𝑟⟹𝑞)}  𝑟 is a tautology, 𝑝⟹𝑝,𝑝,𝑟⟹𝑞 ├ 𝑟 is valid 

iii. 𝑝⟹𝑞, 𝑟⟹𝑞 ├ 𝑟⟹𝑝.  

It is to check whether {[(𝑝⟹𝑞) (𝑟⟹𝑞)]}⟹(𝑟⟹𝑝) is tautology or not 
 

p q r p q r 𝑝⟹q r⟹q 𝑟⟹p (𝑝⟹𝑞) (𝑟⟹𝑞) {[(𝑝⟹𝑞) (𝑟⟹𝑞)]}⟹(𝑟⟹𝑝) 

T T T F F F T T T T T 
T T F F F T T F F F T 
T F T F T F F T T F T 
T F F F T T F T F F T 
F T T T F F T T T T T 
F T F T F T T F T F T 
F F T T T F T T T T T 
F F F T T T T T T T T 

Since {[(𝑝⟹𝑞) (𝑟⟹𝑞)]}⟹(𝑟⟹𝑝)is a tautology, 𝑝⟹𝑞, 𝑟⟹𝑞 ├ 𝑟⟹𝑝 is valid 
 

iv. 𝑟∨𝑠,( 𝑠⟹𝑝)⟹𝑟 ├ 𝑝.  

It is to check whether{ (𝑟∨𝑠)[( 𝑠⟹𝑝)⟹𝑟]} ⟹𝑝 is tautology or not 
 

p r s p r s 𝑟∨𝑠 𝑠⟹𝑝 ( 𝑠⟹𝑝)⟹𝑟 (𝑟∨𝑠)[( 𝑠⟹𝑝)⟹𝑟] { (𝑟∨𝑠)[( 𝑠⟹𝑝)⟹𝑟]} ⟹𝑝 

T T T F F F F T T F T 

T T F F F T T T T T T 

T F T F T F T T F F T 

T F F F T T T T F F T 

F T T T F F F T T F T 

F T F T F T T F T T T 

F F T T T F T T F F T 

F F F T T T T F T T T 

 

Since { (𝑟∨𝑠)[( 𝑠⟹𝑝)⟹𝑟]} ⟹𝑝 is a tautology, 𝑟∨𝑠,( 𝑠⟹𝑝)⟹𝑟 ├ 𝑝 is valid 
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v. 𝑝⟹𝑞, 𝑝⟹𝑟,⟹𝑠├ 𝑞⟹𝑠.  

It is to check whether [(𝑝⟹𝑞)  (𝑝⟹𝑟)  (𝑟⟹𝑠)] ⟹(𝑞⟹𝑠) is tautology or not 
 

p Q r s 𝑝⟹𝑞 𝑝⟹𝑟 𝑟⟹s (𝑝⟹𝑞)  (𝑝⟹𝑟)  (𝑟⟹𝑠) 𝑞⟹𝑠 [(𝑝⟹𝑞)  (𝑝⟹𝑟)  (𝑟⟹𝑠)] ⟹(𝑞⟹𝑠) 

T T T T T T T T T T 

T T T F T T F F T T 

T T F T T T T T T T 

T T F F T T T T T T 

T F T T F T T F T T 

T F T F F T F F F T 

T F F T F T T F T T 

T F F F F T T F F T 

F T T T T T T T T T 

F T T F T T F F T T 

F T F T T F T F T T 

F T F F T F T F T T 

F F T T T T T T T T 

F F T F T T F F F T 

F F F T T F T F F T 

F F F F T F T F F T 

Since [(𝑝⟹𝑞)  (𝑝⟹𝑟)  (𝑟⟹𝑠)] ⟹(𝑞⟹𝑠) is a tautology, 𝑝⟹𝑞, 𝑝⟹𝑟,𝑟⟹𝑠├ 𝑞⟹𝑠 is valid 
 

2. For the following argument given a, b and c below:  

i. Identify the premises.  

ii. Write argument forms.  

iii. . Check the validity. 

Answers 
i. Identify the premises.  

a. The following are premises: 

If he studies medicine, he will get a good job.  

If he gets a good job, he will get a good wage.  

He did not get a good wage. 
b. The following are premises: 

If the team is late, then it cannot play the game.  

If the referee is here, then the team is can play the game.  

The team is late.  

c. The following are premises: 
If the professor offers chocolate for an answer, you answer the professor’s question.  

The professor offers chocolate for an answer.  
      

ii. Write argument forms. 

a) Let   p: he studies medicine 

  q: he will get a good job 

  r: he will get a good wage 

 

 

 

 

Then 

𝑝⟹q 
q⟹r 
    r 
   p 
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b) Let   p: the team is late 

q: the team can play the game 

r: the referee is here 

 

  C) Let  p: the professor offers chocolate for an answer      

  q: you answer the professor’s question 

 

iii. Check the validity.  

a) 

  

 

 

 

 

 

 Since [(𝑝⟹q)(q⟹r)r]p is not a tautology, the argument formed is not valid. 

b)  
  

 

 

 

 

 

 Since [(𝑝⟹q) q]⟹r is not a tautology, the argument formed is not valid. 

 

C)            

 

 

                                                   Since [(𝑝⟹q) q]⟹q is a tautology, the argument formed is valid. 

 

p q r p r 𝑝⟹q q⟹r (𝑝⟹q)(q⟹r)r [(𝑝⟹q)(q⟹r)r]p 

T T T F F T T F T 

T T F F T T F F T 

T F T F F F T F T 

T F F F T F T F T 

F T T T F T T F T 

F T F T T T F F T 

F F T T F T T F T 

F F F T T T T T F 

p q r q r 𝑝⟹q (𝑝⟹q)p [(𝑝⟹q) q]⟹r 

T T T F F F F T 

T T F F T F F T 

T F T T F T T F 

T F F T T T T T 

F T T F F F F T 

F T F F T F F T 

F F T T F F F T 

F F F T T F F T 

p q 𝑝⟹q (𝑝⟹q)p [(𝑝⟹q) q]⟹q 

T T T T T 

T F F F T 

F T T F T 

F F T F T 

𝑝⟹q 
q⟹r 
    r 
   p 

 

𝑝⟹q 
           p 
        r 

 

𝑝⟹q 
        p 
       q 

 

Then 

𝑝⟹q 
           p 
        r 

 
Then 

𝑝⟹q 
        p 
       q 
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3. Give formal proof to show that the following argument forms are valid.  

a. 𝑝⟹𝑞, 𝑞 ├ 𝑝.  
We want to show the following is valid: 

      
p

qp

q


   

(1) q is true   premise 
(2) 𝑝⟹𝑞  is true   premise 
(3) q⟹p is true           Contrapositive of  (2) 

(4)  Therefore,    
p

pq

q


is valid by   Modes  Ponens  and hence 

p

qp

q


 is valid 

b. 𝑝⟹𝑞,𝑝,𝑟⟹𝑞 ├ 𝑟.  
We want to show the following is valid: 

r

qr  

qp

p







 

(1) 𝑝⟹𝑞   is true   premise 
(2)     𝑝    is true   premise 
(3)  

q

qp

p




is valid          Modes Ponens   (Meaning q  is true) 

    (4) 

r

qr  

q

r

qr  

qp

p














    from (3) above 

  (5) 

   
r

qr  

q







  is valid by Modes Tollens  and hence 
r

qr  

qp

p







is valid 
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c. 𝑝⟹𝑞,𝑟⟹𝑞 ├ 𝑟⟹𝑝.  
We want to show the following is valid: 

pr

qp

qr







 

(1) qr    is true  Premise 

(2) qp          is true  Premise 

(3) pq    is true  Contrapositive of (2) above 

(4) Therefore, to check the validity of: 

pr

qp

qr







 is the same as checking the validity of 
pr

pq

qr







 

 
(5) So,  

 
pr

pq

qr







is valid by principle of Syllogism 

d. 𝑟∧𝑠,(𝑠⟹𝑝)⟹𝑟 ├ 𝑝.  
We want to show the following is valid: 

 
p

rps

sr







 

(1) 𝑟∧𝑠  is true   Premise 
(2) 𝑟          is true   Principle of detachment from  (1)  above 
(3) So, 

 

 
p

rps

sr







becomes 
 

p

rps

r







from (2) above 

(4)  

 
 ps

rps

r







by Modes Tollens 

(5)  
 ps   ps   ps    by equivalence property 

(6)  
p  is true   Principle of detachment from  (5)  above 

 

(7) Therefore, 
 

p

rps

sr







is valid 
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e. 𝑝⟹,𝑝⟹𝑟,𝑟⟹𝑠 ├ 𝑞⟹𝑠.  

We want to show the following is valid: 

sq

sr

rp 

p









which is wrong (incomplete) question 

 
 

f. 𝑝∨𝑞,𝑟⟹𝑝,𝑟 ├ 𝑞.  
We want to show the following is valid: 

q

r

pr 

qp





 

 

(1) r               is true  premise 
(2) pr    is true  premise 

(3)  
 

p

pr 

r


is valid            Modes Ponens 

 

(4)  qp  qp      By principle of equivalence 

(5)  
 

 

q

r

pr 

qp





becomes  
q

qp

p


 

(6)  
 

q

qp

p


is valid by Modes Ponens 

 

(7) 𝑝∧𝑞,(𝑞∨𝑟)⟹ 𝑝 ├ 𝑟.  
 

(8) 𝑝⟹(𝑞∨𝑟),𝑟,𝑝 ├ 𝑞.  
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i. 𝑞⟹𝑝,⟹𝑝,𝑞 ├ 𝑟.  
We want to show the following is valid: 

r

q

pr 

pq







 

 
(1) q                 is true  Premise 

(2) pq    is true  Premise 

(3)  
 

p

pq

q







is valid Modes Ponens 

(4)  

r

q

pr 

pq







   becomes   
r

pr

p 





 

(5)  
 

r

pr

p 





is valid by Modes Tollens 

4. Prove the following are valid arguments by giving formal proof.  

a. If the rain does not come, the crops are ruined and the people will starve. The crops are not ruined or the 

people will not starve. Therefore, the rain comes.  

Let   p: The rain comes 

 q: The crops are ruined 

 r: The people will starve 

Hence:  

p

r  q        

r) (qp

  




 

 

(1) r  q   is true  premise 

(2) r) (q   is true  properties of equivalence 
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(3) 

       
p

r  q        

r) (qp

  




 becomes   
p

r q        

r) (qp

  




  or  

 

p

r) (qp

r q 

  




 

(4)  
 

     

 

p

r) (qp

r q 

  




  is valid   Modes Tollens 

 

c. If the team is late, then it cannot play the game. If the referee is here then the team can play the game.  

The team is late. Therefore, the referee is not here.  

       Let   p: The team is late 

  q: It can play the game 

  r: the referee is here 

         Hence:  

          r

p

qr

qp

  






 

(1) p               is true  Premise 

(2) qp    is true  Premise 

(3)  

q

qp

p

  


    is valid Modes Ponens 

(4)  

r

p

qr

qp

  






   becomes   
r

q

qr

  






   or    
r

qr

q

  






 

(5) 

r

qr

q

  






   is valid Modes Tollens 
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Solutions/Answers to  Exercises of pages 29-31 
 
1. Which of the following are sets?  

a. 1,2,3     

     Not a set since the elements are not contained by braces. 

b.  {1,2},3  

Not a set since the element 3 is not contained by braces. 

d. {{1},2},3  

   Not a set since the element 3 is not contained by braces. 

e. {1,{2},3}  

    It is a set which has three elements 1,{2},3. 

f. {1,2,a,b}.  

It is a set which has four elements 1,2,a, b. 

Generally, the objects in 1a, 1b, 1c are not sets but 1d and 1e are sets. 

 

2. Which of the following sets can be described in complete listing, partial listing and/or set-builder methods? 

Describe each set by at least one of the three methods.  

The sets can be described as followed by each question: 

a. The set of the first 10 letters in the English alphabet.  

(i) Complete listing method as:     {a, b, c, d, e, f, g, h, i, j} 

b. The set of all countries in the world.  

(i) Set-builder method:    {x: x is a country in the world} 

c. The set of students of Addis Ababa University in the 2018/2019 academic year.  

(i)     Set-builder method:  

       {x: x is a student in Addis Ababa University in the 2018/2019 academic year} 

d. The set of positive multiples of 5.  

(i) Set-builder method:      {x: x is a positive multiple of 5} 

(ii) partial listing method:   {5, 10, 15, …} 

e. The set of all horses with six legs.  

(i) Set-builder method:      {x: x is a horse with six legs} 

3. Write each of the following sets by listing its elements within braces.  

a. 𝐴={𝑥∈ℤ:−4<𝑥≤4+      𝐴=*−3, −2, −1, 0, 1, 2, 3, 4 }  

b. 𝐵={𝑥∈ℤ:𝑥2<5}      B={0, 1, 4 }  

c. 𝐶={𝑥∈ℕ:𝑥3<5}      C={1}  
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d.  ={𝑥∈ℝ:𝑥2−𝑥=0}       D={0, 1}  

e.  ={𝑥∈ℝ:𝑥2+1=0}.      E={ }  
 

4. Let 𝐴 be the set of positive even integers less than 15. Find the truth value of each of the following.  

a. 15∈𝐴      False 
b. −16∈𝐴       False 
c. 𝜙∈𝐴      True 

d. 12⊂𝐴       False 

e. {2,8,14}∈𝐴       False 

f. *2,3,4+⊆𝐴        False 
g. {2,4}∈𝐴       False 

h. 𝜙⊂𝐴       True 

i. {246}⊆𝐴       False 
 

5. Find the truth value of each of the following and justify your conclusion.  

a. 𝜙⊆𝜙        True since empty set is the subset of any set. 

b. *1,2+⊆*1,2+       True since any set is the subset of itself  

c. 𝜙∈𝐴 for any set A       False since if A={1, 2} the elements of A are only 1 and 2 only but not 𝜙 

d. {𝜙}⊆𝐴, for any set A  

    False since if A={1} then subsets of A are written as: 𝜙 ⊆𝐴 and {1}⊆𝐴 only but not 𝜙}⊆𝐴 

e. 5, 7⊆{5, 6, 7, 8}       False since 5, 7∈{5, 6, 7, 8}but not 5, 7⊆{5, 6, 7, 8} 

f. 𝜙∈{{𝜙}}      False since 𝜙∈{𝜙}but not 𝜙∈{{𝜙}} 

g. For any set 𝐴, 𝐴⊂𝐴  

    False since for any two sets A & B, B ⊂A  means (x)(x∈B x∈A and y ∈A but y B)  

             Or B ⊂A   B ⊆A but A≠ B   

h. {𝜙} =𝜙       False since {𝜙} has one element which is 𝜙 but 𝜙 has no any element  

 

6. For each of the following set, find its power set.  

The proper subsets are described below each question: 

a. {𝑎𝑏}      𝜙 

b. {1, 1.5}      𝜙, {1}, {1.5} 

c. {𝑎, 𝑏}      𝜙, {𝑎}, {𝑏} 

d. {𝑎, 0.5, 𝑥}      𝜙, {𝑎}, {0.5}, { } 
 

7. How many subsets and proper subsets do the sets that contain exactly 1,2,3,4,8,10 and 20 elements have?  

   To determine the number of subsets and proper subsets of the given set, first it is better to determine the 

    number of elements of the set which is 7. 

    Therefore the number of subsets is found by 27 = 128    

             and the number of proper subsets is found by (27) – 1 = 128 – 1 = 127    

Join Us On Telegram @Qesem_University



22 
 

8. If 𝑛 is a whole number, use your observation in Problems 6 and 7 to discover a formula for the number of 

   subsets of a set with 𝑛 elements. How many of these are proper subsets of the set?  

   Number of subsets a set with 𝑛 elements is   2n  

   Number of subsets a set with 𝑛 elements is   (2n ) – 1  

  

9. Is there a set A with exactly the following indicated property?  

a. Only one subset  

    Yes, A=𝜙 has exactly one subset which is 𝜙 itself,      

     or n(𝜙) = n(A) =0 and number of subsets of A is 20=1 

b. Only one proper subset  

    Yes, A={1} has exactly one proper subset which is 𝜙,      

   or  n(A)= 1 and number of proper subsets of A = (21) – 1 = 2 – 1 = 1 

c. Exactly 3 proper subsets  

Yes, A={1, 5} has exactly three proper subsets which are 𝜙,  {1}, { 5}  

or n(A)= 2 and number of proper subsets of A = (22) – 1 = 4 – 1 = 3 

d. Exactly 4 subsets  

Yes, A={1, 5} has exactly four subsets which are 𝜙,  {1}, { 5}, {1, 5} 

or n(A)= 2 and number of subsets of A = 22 = 4  

e. Exactly 6 proper subsets  

    No, there is no set A such that n(A) = n and (2n) – 1 =6 which means (2n) =7  

     Since Nnanyforn  27   

 f. Exactly 30 subsets  

No, for n(A) = n, then 2n = 30  230 nthatsuchNnsuchnoisthere  

g. Exactly 14 proper subsets  

    No, if n(A) = n, then (2n) – 1 = 14 2n = 14+1=15  215  nthatsuchNnsuchnoisthere  

h. Exactly 15 proper subsets  

   Yes, A={1, 2, 3, 5} has exactly 15 proper subsets  

     Since n(A) = 4  (2n) – 1 =1524 =15 +1 = 16 24 = 16 is true 

 

10. How many elements does A contain if it has:  

a. 64 subsets?  

   2n =64    2n = 26  n=6 is the number of elements of set A. 
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b. 31 proper subsets?  

    (2n) – 1 =31    2n = 31+1=32    2n = 25  n=5 is the number of elements of set A. 

c. No proper subset?  

   (2n) – 1 =0    2n = 0+1=1    2n = 20  n=0 is the number of elements of set A={ }. 

e. 255 proper subsets?  

(2n) – 1 =255    2n = 255+1=256    2n = 28  n=8 is the number of elements of set A 
 

11. Find the truth value of each of the following.  

a. 𝜙∈(𝜙)           True 

b. 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑠𝑒𝑡 𝐴, 𝜙⊆(𝐴)      True 

c. 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑠𝑒𝑡 𝐴,∈𝑃(𝐴)     True 

d. 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑠𝑒𝑡 𝐴,⊂𝑃(𝐴).     True 

12. For any three sets 𝐴, 𝐵 and , prove that:  

a. If 𝐴⊆𝐵 and 𝐵⊆𝐶, then 𝐴⊆𝐶.  

             CxAxxCxBxxBxAxx   

b. If 𝐴⊂𝐵 and 𝐵⊂𝐶, then 𝐴⊂𝐶.  

            CACxAxxCBCxBxxBABxAxx   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



24 
 

Solutions/Answers to  Exercises of pages 36-38 
 

1. If 𝐵⊆𝐴, 𝐴∩𝐵′={1,4,5} and 𝐴∪𝐵={1,2,3,4,5,6}, find 𝐵.  

 
n(𝐴∩𝐵′) = n(A) – n(B) = 3 

n(A) = 3 + n(B) 

since 𝐵⊆𝐴 then 𝐴∩𝐵 = B which means n(𝐴∩𝐵) = n(B) 

n(𝐴∪𝐵) = 6 

n(A) + n(B) = n(𝐴∪𝐵) + n(𝐴∩𝐵) 

3 + n(B) + n(B) = 6 + n(B) 

n(B) + n(B) - n(B) = 6 – 3 

n(B) = 3 

 

2. Let    𝐴={2,4,6,7,8,9},  𝐵={1,3,5,6,10}   and 𝐶={ 𝑥:3𝑥+6=0 or 2𝑥+6=0}.      Find  

a. 𝐴∪𝐵.  

   𝐴∪𝐵 = {2,4,6,7,8,9}∪{1,3,5,6,10}= ={1, 2. 3, 4, 5, 6, 7, 8, 9, 10} 

b. Is (𝐴∪𝐵)∪𝐶=𝐴∪(𝐵∪𝐶)?  

    Yes which holds by associative property of union, ∪ 

 

3. Suppose 𝑈= The set of one digit numbers and  
 

𝐴={𝑥: 𝑥 is an even natural number less than or equal to 9}  

Describe each of the sets by complete listing method:  

First let us determine U: U = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}  and A: A = {2, 4, 6, 8} 

Then:  

a. 𝐴′.   𝐴′ = {0, 1, 3, 5, 7, 9} 

b. 𝐴∩𝐴′.  𝐴∩𝐴′ = { } = 𝜙 

c. 𝐴∪𝐴′.  𝐴∪𝐴′ = U = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 

d. (𝐴′)′   (𝐴′)′ = A = {2, 4, 6, 8} 

e. 𝜙−𝑈.  𝜙−𝑈 = 𝜙 

f. 𝜙′   𝜙′ = 𝑈− 𝜙 = 𝑈 = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 

g. 𝑈′   𝑈′ = 𝑈− 𝑈 =𝜙 
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5. Use Venn diagram to illustrate the following statements:  

a. (𝐴∪𝐵)′=𝐴′∩𝐵′.  

 

b . (𝐴∩𝐵)′=𝐴′∪𝐵′.  

 

d. If 𝐴⊈𝐵, then 𝐴\𝐵≠𝜙.  
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d.𝐴∪𝐴′=𝑈.     

 

 

 

 

 

 

6. Let 𝐴={5,7,8,9} and 𝐶={6,7,8}. Then show that (𝐴\𝐵)\C=A(𝐵\𝐶).  

What is the operation between set A and (𝐵\𝐶) and what is B ? [It is wrong question] 

Anyway, let us start from (𝐴\𝐵)\  and arrive at an equivalent conclusion using the properties 

        (𝐴\𝐵)\𝑐=(A∩B’) ∩C’  definition of relative complement of sets 

 A∩(B’∩C’)= A∩(B∪C)’ property of complement of ∪, union 

  A∩(B∪C)’= A\(B∪C) definition of relative complement of sets 

7. Perform each of the following operations.  

a. 𝜙∩*𝜙}    𝜙∩*𝜙}= 𝜙 

b. {𝜙,{𝜙}} – {{𝜙}}   {𝜙,{𝜙}} – {{𝜙}}={𝜙} 

c. {𝜙,{𝜙}} – {𝜙}   {𝜙,{𝜙}} – {𝜙}={{𝜙}} 

d. {{{𝜙}}} – 𝜙    {{{𝜙}}} – 𝜙={{{𝜙}}}  
 

8. Let 𝑈 = {2,3,6,8,9,11,13,15}, 𝐴 = {𝑥|𝑥 is a positive prime factor of 66}  
𝐵={ 𝑥∈𝑈| 𝑥 is composite number } and 𝐶 = {𝑥∈𝑈| 𝑥 – 5∈𝑈}. Then find each of the following.  

𝐴∩𝐵, (𝐴∪𝐵)∩𝐶, (𝐴 – 𝐵)∪𝐶, (𝐴 – 𝐵) – 𝐶, 𝐴 – (𝐵 – 𝐶), (𝐴 – 𝐶) – (𝐵 – 𝐴), 𝐴’∩𝐵’∩𝐶’  

Given 

𝑈 = {2,3,6,8,9,11,13,15}        𝐴 = {2, 3, 11}     𝐵={ 6, 8, 9, 15 }       𝐶 = {8, 11, 13} 

𝐴∩𝐵 = 𝜙                        (𝐴∪𝐵)∩𝐶={ 2, 3, 6, 8, 9, 11, 15 }∩*8, 11, 13+ ={8, 11}                 

 (𝐴 – 𝐵)∪𝐶 = {2, 3, 11}∪*8, 11, 13+={2, 3, 8, 11, 13}  

(𝐴 – 𝐵) – 𝐶 = {2, 3, 11}– {8, 11, 13}= {2, 3} 

  𝐴 – (𝐵 – 𝐶) = 2, 3, 11} -{ 6, 9, 15 } ={2, 3, 11}         

(𝐴 – 𝐶) – (𝐵 – 𝐴)= {2, 3} -={ 6, 8, 9, 15 } ={2, 3} 

𝐴’∩𝐵’∩𝐶’ = *6, 8, 9, 13,15+∩*2, 3, 11,13+∩*2, 3, 6, 9, 15+= 𝜙       
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9. Let 𝐴∪𝐵 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑥, 𝑦, 𝑧} and 𝐴∩𝐵 = {𝑏, 𝑒, 𝑦}.  

We recall the following:     𝐵 – 𝐴 = 𝐵∩𝐴’ = (𝐴∪𝐵) – A   and    𝐴 – 𝐵 = 𝐴∩𝐵’ = (𝐴∪𝐵) – B        

a. 𝐼𝑓 𝐵 – 𝐴 = {𝑥, 𝑧}, then 𝐴 = ________________________  

   𝐴 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑦 } 

b. 𝐼𝑓 𝐴 – 𝐵 =𝜙, then 𝐵 = _________________________  

  B = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑥, 𝑦, 𝑧} 

c. 𝐼𝑓 𝐵 = {𝑏, 𝑒, 𝑦, 𝑧}, then 𝐴 – 𝐵 = ____________________  

𝐴 – 𝐵 = {𝑎, 𝑐, 𝑑, 𝑥} 

   

10. Let 𝑈 = {1, 2, …, 10}, 𝐴 ={3, 5, 6, 8, 10}, 𝐵 = {1, 2, 4, 5, 8, 9}, 𝐶 = {1, 2, 3, 4, 5, 6, 8} and  

                                                                                                           𝐷 = {2, 3, 5, 7, 8, 9}.  

Verify each of the following.  

a. (𝐴∪𝐵)∪𝐶 = 𝐴∪(𝐵∪𝐶).  

    (𝐴∪𝐵)∪𝐶 = 𝐴∪(𝐵∪𝐶)={ {1, 2, 3, 4, 5, 6, 8, 9, 10}  

[Associative property of ∪] 

b. 𝐴∩(𝐵∪𝐶∪𝐷) = (𝐴∩𝐵)∪(𝐴∩𝐶)∪(𝐴∩𝐷)= {3,5,6,8} 

[Distributive property of ∩ over  ∪] 

c. (𝐴∩𝐵∩𝐶∩𝐷)’= 𝐴’∪𝐵’∪𝐶’∪𝐷’ = {5, 8} 

 [Distributive property of absolute complement over ∩] 

d. 𝐶 – 𝐷 = 𝐶∩𝐷’ = {1, 4,  6} 

    [Property relating relative complement and absolute complement] 

e. 𝐴∩(𝐵∩𝐶)’= (𝐴 – 𝐵)∪(𝐴 – 𝐶) ={3, 6, 10} 

[Property relating distributive property of absolute complement over ∩ and relative complement] 

 

11. Depending on question No. 10 find.  

a. 𝐴 Δ 𝐵  

      𝐴 Δ 𝐵 = (𝐴 – 𝐵)∪(B – A)= {1, 2, 3, 4, 6, 9, 10 } 

b. 𝐶 Δ 𝐷 =(C – D)∪(D – C) = {1, 4, 6, 7} 

c. (𝐴 Δ 𝐶)Δ 𝐷   

    Let M= 𝐴 Δ 𝐶 = (A – C ) ∪(C – A ) = {1, 2, 4, 10}  D = 𝐷 = {2, 3, 5, 7, 8, 9}.  

Then  (𝐴 Δ 𝐶)Δ 𝐷 = M Δ 𝐷= (M – D ) ∪ (D – M ) = {1, 3, 4, 5, 7, 8, 9, 10} 

Therefore, (𝐴 Δ 𝐶)Δ 𝐷 = {1, 3, 4, 5, 7, 8, 9, 10} 
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d. (𝐴∪𝐵)\ (𝐴 Δ 𝐵)  

       𝐴∪𝐵)\ (𝐴 Δ 𝐵) = (𝐴∪𝐵) ∩ (𝐴 Δ 𝐵)’= (𝐴∪𝐵) ∩ [(𝐴 ∪𝐵)-(A∩B)]’= (𝐴∪𝐵) ∩ [(𝐴 ∪𝐵) ∩ (A∩B)’]’ 

       (𝐴∪𝐵) ∩ [(𝐴 ∪𝐵)’ ∪ (A∩B)] = [(𝐴∪𝐵) ∩(𝐴 ∪𝐵)’] ∪[(𝐴∪𝐵) ∩(A∩B)]= 𝜙 ∪(A∩B)  

        = A∩B = {5, 8} 

12. For any two subsets 𝐴 and 𝐵 of a universal set 𝑈, prove that:  

     a.   Δ 𝐵 = 𝐵 Δ 𝐴.  

          𝐴 Δ 𝐵 = (A – B ) ∪(B – A ) = (B – A ) ∪ (A – B ) = 𝐵 Δ 𝐴 

      b. 𝐴 Δ 𝐵 = (𝐴∪𝐵) – (𝐴∩𝐵)= (𝐵 ∪𝐴) – (𝐵 ∩𝐴)= 𝐵 Δ 𝐴 . 

          𝐴 Δ 𝐵 = (A – B ) ∪(B – A ) = (A ∩ B’ ) ∪(B ∩ A’ ) = (𝐴∪𝐵) ∩ (𝐴∩𝐵)’= (𝐴∪𝐵) –  (𝐴∩𝐵)  

    c. 𝐴 Δ 𝜙= 𝐴.  

       𝐴 Δ 𝜙= 𝐴= (𝐴∪ 𝜙) – (𝐴∩ 𝜙)= 𝐴– 𝜙= 𝐴∩ 𝜙’= 𝐴∩ U=A  

   d. 𝐴 Δ 𝐴 =𝜙 

       𝐴 Δ 𝐴 =(𝐴∪ A) – (𝐴∩ A)= 𝐴– A= 𝐴∩ A’= 𝜙 

 13. Draw an appropriate Venn diagram to depict each of the following sets.  

a. U = The set of high school students in Addis Ababa.  

   A = The set of female high school students in Addis Ababa.  

  B = The set of high school anti-AIDS club member students in Addis Ababa.  

 C = The set of high school Nature Club member students in Addis Ababa.  
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b. U = The set of integers.  

         A = The set of even integers.  

        B = The set of odd integers.  

        C = The set of multiples of 3.  

        D = The set of prime numbers.  
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Unit TWO 

Solutions/Answers to  Exercises 2.1 of page  47 
 

1. Find an odd natural number x such that LCM (x, 40) = 1400.  

Solution:-  x is odd means x = 2n+1, Nn  

Let GCF(x, 40) = g 

Therefore, 1400g= 40x = 40(2n+1) 

 )n(x
n

x

n

x
1235

12
35

1240

1400






  

When n=1, x=35(2x1+1) = 35x3 = 105  which is odd 

When n=2, x=35(2x2+1) = 35x5 = 175  which is odd 

When n=1, x=35(2x3+1) = 35x7 = 245   which is odd 

. 

. 

. 
In a similar way, the odd natural number x such that LCM (X, 40) = 1400 is the number  

X = )n( 1235  , Nn  

2. There are between 50 and 60 number of eggs in a basket. When Loza counts by 3’s, there are 2 eggs left over. 

When she counts by 5’s, there are 4 left over. How many eggs are there in the basket?  

Solution:- Let the number of eggs be n, 50 ≤n ≤60 , x & y are number of counts 

Then n = 3x+2 = 5y+4 

i.e., n = 3x+2 50 ≤3x+2  ≤6048 ≤3x ≤5848/3 ≤x≤58/316 ≤x+ ≤19.333 …16 ≤x+ ≤19 

     n= 5y+450 ≤5y+4 ≤6046 ≤5y ≤5646/5≤y ≤56/546/5≤y ≤56/59.2≤y ≤11.29≤y ≤11 

3x+2=5y+4 3x-5y=4-23x-5y=2 

When x=16, 3(16)-5y=248-2=5y46=5y46/5=y not counting number 

Proceeding in a similar way, when x=19, 3(19)-5y=257-2=5y55=5y55/5=y=11 

Therefore, there are  n = 3x+2=3(19)+2=59 eggs 

3. The GCF of two numbers is 3 and their LCM is 180. If one of the numbers is 45, then find the second number.  

Solution:- Let the second number be y, then 3x180=45y  y= 540/45=12  y=12 

4. Using Mathematical Induction, prove the following:  

a) 6
n
  - 1 is divisible by 5 for n ≥0 

   Proof:-  

(1)  For n=0, 6
0
  - 1=1-1=0 is divisible by 5 is true  and  



31 
 

for n=1, 6
1
  - 1=6-1=5 is divisible by 5 is true  

(2) Assume for n=k, 6
k
  - 1 is divisible by 5 is true           i.e., m𝐖 such that 6k

  - 1= 5m 

We should show that it is true for n = k+1, 

Claim:-  6
k+1

  - 1 is divisible by 5 or d𝐖 such that 6k+1
  - 1= 5d 

Now 6
k
  - 1= 5m  6

k
  = 5m +1 

6. (6
k
 )= 6(5m+1) = 6(5m) +6 

 (6
k+1

) – 1 =6(5m) +6 – 1  

 (6
k+1

) – 1 =6(5m) +5 

 (6
k+1

) – 1 =5[(6m) +1], m, 6m𝐖, (6m+1)𝐖 

(6
k+1

) – 1 =5d, where d=[(6m) +1]𝐖 is true 

Therefore, 6n
  - 1 is divisible by 5 for any n ≥0 

(3)  b) 2n ≤ (n+1)!  ,  for n ≥ 0 

        Proof:-              For n=0, 2
0
 ≤ (1+0)!  1≤ 1!  1≤ 1 is true  and 

      for n=1, 2
1
 ≤ (1+1) !  2≤ 2!  2≤ 2is true 

     Assume that it is true for n = k             i.e., 2
k
 ≤ (k+1)! 

     We should show that it is true for n = k+1 

     Claim:- 2
(k+1)

 ≤ [(k+1) +1]!= [(k+2)! 

     Now, 2
k
 ≤ (k+1)!  2

k
(2 )≤ 2(k+1)! ≤ (k+2)(k+1)! Since 2 ≤ k+1 ≤ k+2 

       2
k
(2 )= 2

k+1
 ≤ (k+2)(k+1)! = (k+2)!  2

k+1
 ≤  (k+2)! 

c)   x
n
 + y

n
 is divisible by x+y , for odd natural number  n ≥ 1 

      Proof:-          For n=1, x
1
+ y

1
 is divisible by x+y is true 

    Assume that it is true for an odd number n = k 

        i.e., x
k
 +y

k
 is divisible by x+y is true ; since k is odd, m𝐖 such that k = 2m+1 

              x
k
 +y

k
 = t(x+y) , for some Nt , is true      i.e., x

2m+1
 +y

2m+1
 = t(x+y) , for some Nt , is true 

     We should show that it is true for the next odd number n = k+2=2m+1+2=2(m+1)+1 

     Claim:- x
(k+2)

 +y
(k+2)

 = x
(2m+2+1)

 +y
(2m+2+1)

 is divisible by x+y is true 

          Or  x
(2m+2+1)

 +y
(2m+2+1)

 = x
2(m+1)+1)

 +y
2(m+1)+1)

 = d(x+y), for some Nd   

                 x
2m+1

 +y
2m+1

= t(x+y)  

  (x)(x
2m

) +(y)(y
2m

) = (x)(x
2m

)+ (y)(x
2m

) -(y)(x
2m

) +(y)(y
2m

) +(x)(y
2m

) -(x)(y
2m

)  

= (x)(x
2m

)+ (y)(x
2m

) -(y)(x
2m

) +(y)(y
2m

) +(x)(y
2m

) -(x)(y
2m

)  

= (x
2m

)(x+ y) -(y)(x
2m

) +(y
2m

) (y+x) -(x)(y
2m

)   

=(x
2m

)(x+ y) +(y
2m

) (y+x) -(y)(x
2m

) -(x)(y
2m

)  

= (x+ y) ( x
2m

 +y
2m

) - (y)(x
2m

) -(x)(y
2m

) =  (x+ y) ( x
2m

 +y
2m

) - (xy)(x
2m-1

) -(xy)(y
2m-1

)  

Join Us On Telegram @Qesem_University
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Here       = (x+ y) ( x
2m

 +y
2m

) -(xy)[(x
2m-1

) +(y
2m-1

)]           x 

 

 

  = (x+ y) ( x
2m

 +y
2m

) -(xy)[k(x+ y)]   because  (x
2m-1

) +(y
2m-1

) & x
2m

 +y
2m

  are is divisible by x+y  

                        (x
2m-1

) +(y
2m-1

) = k(x+ y) and x
2m

 +y
2m = (x2m

) +(y
2m

) = r(x+ y)  where k, rN
 

 

        (x+ y) ( x
2m

 +y
2m

) -(xy)[k(x+ y)] == (x+ y) r(x+ y)  -(xy)[k(x+ y)] =(x+ y)[ r(x+ y)  - k(xy)]  

       which is divisible by x+y  since {(x+ y)[ r(x+ y)  - k(xy)]}/(x+y) = r(x+ y)  - k(xy)  We are done 

 d)   2+4+6+ … + 2n = n(n+1)                        

     Proof:-           For n=1, 2 = 1(1+1)!  2= 2  is true        

     Assume that it is true for n = k                   i.e., 2+4+6+ … + 2k = k(k+1)  is true      

     We should show that it is true for n = k+1 

     Claim:- 2+4+6+ … + 2(k+1) = (k+1)(k+1+1)  is true      

     Now, 2+4+6+ … + 2k = k(k+1)   

              2+4+6+ … + 2k +2(k+1)= k(k+1)+2(k+1)   

                  2+4+6+ … + 2k +2(k+1)=  (k+1) (k+2) 

Therefore, 2+4+6+ … +2(k+1)=  (k+1) (k+2) is true 

Alternative Way 

    12
1




nni
n

i  

     Proof:-            For n=1,     2211112
1

1


i

x  is true      

     Assume that it is true for n = k             i.e.,    12
1




kkk
k

i

    is true 

     We should show that it is true for n = k+1 

     Claim:-       212
1

1






kkk
k

i

    is true 

Now,     12
1




kkk
k

i

 

            )k(kk)k(k
k

i

121122
1












 

            )k(kkk
k

i

1212
1

1














       )k(kk
k

i

212
1

1














 

 Therefore,     )k(kk
k

i

212
1

1














  is true  (We are done) 

 

Divisible by x+y Divisible by x+y, since odd number2m-1<k 
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e)  
6

121
321 2222 )n)(n(n

n...


   

     Proof:-               For n=1, 1
2
 = 1

6

6

6

112111


 )x)((
  is true      

     Assume that it is true for n = k   i.e., 1
2
+2

2
+3

2
+ … + k

2
 = 

6

121 )k)(k(k 
is true is true 

     We should show that it is true for n = k+1 

  Claim:-  

1
2
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 
    

6

112111  k)k(k
= 
   

6

3221  k)k(k
  is true      

         Now, [1
1
+2

2
+3

2
+ … + k

2
] + (k+1)

2
= 

6

121 )k)(k(k 
+ (k+1)

2 

              1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 

6

6121 2
1)+(k)k)(k(k 

 

                  1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 

  
6

16121  k)k(k)k(
 

 1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 

 
6

6721 2  kk)k(
 

 1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 

 
6

6721 2  kk)k(
 

 1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 

  
6

3221  kk)k(
 

Therefore, 1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= = 

   
6

3221  k)k(k
  is true      

Alternative Way 

     
6

121

1

2 




nnn
i

n

i

 

     Proof:-         For n=1,     
6

112111
1

1

2 




xn

i

 

         For n=1,     
    

1
6

6

6

32

6

112111
1 




x
    is true      

     Assume that it is true for n = k              i.e.,     
6

121

1

2 




kkk
i

k

i

    is true 
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     We should show that it is true for n = k+1 

     Claim:-          
6

1121111

1

2 






kkk
i

k

i

    is true 

Simplifying RHS      
6

32211

1

2 






kkk
i

k

i

    is true 

Now,      
6

121

1

2 




kkk
i

k

i

 

             
  

 22

1

2 1
6

121
1 














k
kkk

ki
k

i

 

           
    

6

16121
1

2
2

1

2 












kkkk
ki

k

i

 

    
    

6

16121
1

2
2

1

2 












kkkk
ki

k

i

          

          
      

6

16121
1

2

1

2 












kkkk
ki

k

i

          

           










2

1

2 1ki
k

i

  
6

3221  kk)k(
    We are done 

f)       
4

1
321

22
3333 )n(n

n...


    

     Proof:-             For n=1, 1
3
 = 1

4

4
1

4

111
1

22
3 




)(
  is true      

Assume that it is true for n = k      i.e., 1
3
+2

3
+3

3
+ … + k

3
 = 

4

1 22
)n(n 

is true is true 

     We should show that it is true for n = k+1 

  Claim:- 1
3
+2

3
+3

3
+ … + k

3
 + (k+1)

3
= 
 

4

111 22
)k(k 

= 
 

4

21 22
)k(k 

  is true      

Now, [1
3
+2

3
+3

3
+ … + k

3
] + (k+1)

3
= 

4

1 22
)k()k( 

+ (k+1)
3 

 1
3
+2

3
+3

3
+ … + k

3
 + (k+1)

3
= 

4

41 322
1)+(k)k(k 
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   1
3
+2

3
+3

3
+ … + k

3
 + (k+1)

3
= 

  
4

141 22  kk)k(
 

 1
3
+2

3
+3

3
+ … + k

3
 + (k+1)

3
= 

 
4

441 22  kk)k(
 

 1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 

 
4

21
22  k)k(

 

 1
1
+2

2
+3

2
+ … + k

2
 + (k+1)

2
= 

  
6

3221  kk)k(
 

Therefore, 1
3
+2

3
+3

3
+ … + k

3
 + (k+1)

3
 = 

 
4

21 22
)k(k 

  is true      

Alternative Way 

     
6

121

1

2 




nnn
i

n

i

 

     Proof:-               For n=1,     
6

112111
1

1

2 




xn

i

 

       For n=1,         
    

1
6

6

6

32

6

112111
1 




x
    is true      

Assume that it is true for n = k                i.e.,     
6

121

1

2 




kkk
i

k

i

    is true 

     We should show that it is true for n = k+1 

     Claim:-          
6

1121111

1

2 






kkk
i

k

i

    is true 

Simplifying RHS      
6

32211

1

2 






kkk
i

k

i

    is true 

Now,      
6

121

1

2 




kkk
i

k

i

 

             
  

 22

1

2 1
6

121
1 














k
kkk

ki
k

i

 

           
    

6

16121
1

2
2

1

2 












kkkk
ki

k

i

 

    
    

6

16121
1

2
2

1

2 












kkkk
ki

k

i
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          
      

6

16121
1

2

1

2 












kkkk
ki

k

i

          

           










2

1

2 1ki
k

i

  
6

3221  kk)k(

                     
We are done 

g)     
11

1

43

1

32

1

21

1













 n

n

)n(n
...  

Proof:-             For n=1, 
2

1

2

1

12

1

21

1






is true      

Assume that it is true for n = k      i.e., 
11

1

43

1

32

1

21

1













 k

k

)k(k
... is true is true 

 We should show that it is true for n = k+1 

  Claim:- 
     11

1

21

1

1

1

43

1

32

1

21

1


















 k

k

kk)k(k
... is true      

Now, 
11

1

43

1

32

1

21

1













 k

k

)k(k
...  

 
     21

1

121

1

1

1

43

1

32

1

21

1



















 kkk

k

kk)k(k
...    

 
     21

12

21

1

1

1

43

1

32

1

21

1


















 kk

)k(k

kk)k(k
...    

 
     21

12

21

1

1

1

43

1

32

1

21

1 2


















 kk

kk

kk)k(k
...    

 
  

 
  21

1

21

1

1

1

43

1

32

1

21

1
2


















 kk

k

kk)k(k
...    

 
  

 
 2

1

21

1

1

1

43

1

32

1

21

1


















 k

k

kk)k(k
...  

 
     11

1

21

1

1

1

43

1

32

1

21

1


















 k

k

kk)k(k
...

   

We are done 
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Solutions/Answers to  Exercises 2.2 of page  55 
 

2. Express each of the following rational numbers as decimal:  

a) 
9

4
= 0.444 … = 40.   

b)  
25

2
 = 0.08 

c) 
7

11
  = 1.571428571428 … = 5714281.  

d)   
3

2
5  = 65.   

e) 
77

2
=  0.025974025974 … 025974.0  

2. Write each of the following as decimal and then as a fraction:  

    a) three tenths = 
10

3
30 .  

    b) four thousands = 4,000  
3. Write each of the following in meters as a fraction and then as a decimal  

     a) 4 mm = 
1000

4
 m = 0.004 m 

     b) 6 cm and 4 mm = 
1000

64
 m = 0.064 m 

     c) 56 cm and 4 mm = 
1000

564
 m = 0.564 m 

4. Classify each of the following as terminating or non-terminating periodic  

a)  
13

5
it is non-terminating periodic  

since the denominator has the prime  factor, 13, different from 2 and 5 

in its lowest term 

b)  
10

7
 terminating  

since the only prime  factors of the denominator are 2 and 5 in its lowest term 

c) 
64

69
 terminating  

since the only prime  factors of the denominator is 2 in its lowest term  

d) 
60

11
 it is non-terminating periodic  

   since the denominator has the prime  factor, 3, different from 2 and 5 

            in its lowest term 

e) 
12

5
   it is non-terminating periodic  

   since the denominator has the prime  factor, 3, different from 2 and 5 

              in its lowest term 
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5. Convert the following decimals to fractions:  

a) 

90

293

90

32325

90

32325

90

5325325

10100

10523100523

10100

10100
523

1010

1010
523523

111

111












































..x.x.

...
 

            

b) 100100

10143010001430

101000

101000
1430

1010

10210
14301430

121

111

































x.x.

...
 

             
990

311

990

3314

990

14314314








..
 

 

c) 

999

275

999

2750275275

11000

1275010002750

11000

11000
2750

1010

1010
27502750

030

030







































..

x.x.
...

 

6. Determine whether the following are rational or irrational:  

a) 572.  is rational number which is non-terminating periodic number 

b) 0.272727 … is rational number which is non-terminating periodic number which is 270.  

c) 
2

1
8   is irrational number which is neither terminating nor  

non-terminating periodic number which is equal to:  

  

   .........

.

1213203424142135151

251
2

23

2

3

2

14

2

116

2

182

2

1
8












  

7. Which of the following statements are true and which of them are false?  

   a) The sum of any two rational numbers is rational  

        True since the set of rational is closed under addition  

b) The sum of any two irrational numbers is irrational  

        False since for irrational number m and m+ –m =0 is rational number 

c) The product of any two rational numbers is rational  

True since the set of rational is closed under multiplication 

d) The product of any two irrational numbers is irrational  

False since for irrational number    2222 ,  is rational number 

11. Find two rational numbers between  
3

1   and 
2

1  

      
2

2

1

3

1


 = 
12

5

2

6

32










 

  and   

































2

1

2

1

3

2

3

1
=

36

17

36

98

4

1

9

2



  

 
 
 
 

Note for any two rational numbers m & n : 0.5m+0.5n 
         and 0.6m+0.5n are rational numbers between m & n 
    

 

Join Us On Telegram @Qesem_University
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Solutions/Answers to  Exercises 2.3 of page  60-61 
 

1. Verify that  

a.     iiii 2212   

           

       

iiiiii

iiiiiiiii

2202222

122222212 2





 
b.  (2, -3)(-2, 1) = (-1, 8) 

                 

 8,181384)1(3624

3232222321,23,2





iiii

iiiiii
 

c.     1,2
10

1
,

5

1
1,313, 








  

 

               

    

               

     1,22
10

10

5

10

10

1

5

1
10

10

1

5

1
19

10

1

5

1
)1(3393333

10

1

5

1
33

1,2
10

1
,

5

1
1,313,


























































iiii

iiiiiiiiii
 

d.     ii 91633i2
2

  

 

          

iii

iiiiii

91312964

63)1(91246333224633i2
22




 

 

2. Show that  

a. )Im()Re( ziz   

Let z = x + yi 

     
yyixyixzand

yyxiiyxiyixiiz





)Im()Im()Im(

)Re())(Re())(Re()Re( 2

 

Therefore, yziz  )Im()Re(  

b.  )Re()Im( ziz  

     Let z = x + yi 

     
       

xyixz

xyxiiyxiiyxiyixiiz





)Re()Re(

)Im(ImIm)(Im)Im(
22

 

c.   121 22
 zzz                                                 Let z = x + yi 

           
             

   iyxyyxxyyixyixx

yiyixxyixyixz

22122212

121111

2222

22222




 

    
     

   iyxyyxxyixyxyix

yixyixyixyixyixzz

22121222

12221212

2222

2222




 

     iyxyyxxzzzTherefore 2212121, 2222
  
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3. Do the following operations and simplify your answer. 

a) 
i

i

i

i

5

2

43

21 





 

     
  

     
  

i
iiiii

i

i

i

i

i

i

i

iii

i

iii

iii

iiiiiii

ii

iiii

i

i

i

i

25

2

125

58

625

50

625

290

625

9050200

225400

90120150200

1520

1520

1520

610

2015

106

2015

4612835

2015

4836125

5415

4836265

543

243215

5

2

43

21

2










































































 

b) 
)3()2()1(

5

iii

i


 

       

2

1

10

5

3103

5

393

5

331

5

3132

5

322

5

321

5

2

2























i

i

i

i

iii

i

ii

i

ii

i

)i(iii

i

)i()i()i(

i

 

 

c)  31 i  

              

iiii

iiiiiiiiiiii

222222

121121111111

2

23




 

 

4. Locate the complex numbers z1+z2 and z1-z2, as vectors where  

a) iz 21  ,   iz 
3

2
2    

iiizz 
3

2

3

2
221  

 
 
 

iiiiiizz 3
3

2

3

2
3

3

2
2

3

2
221 








  

 
 
 

 

b)    0313 21 ,z,,z   

       100133031321 ,,,,zz   

       1320133031321 ,,,,zz   

c)    4113 21 ,z,,z   

       524113411321 ,,,,zz   

       344113411321  ,,,,zz  
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d) ibaz,biaz  21  

     021 ,aoiabibiaaibabiazz   

     b,bibibiaaibabiazz 202021   

 

5. Sketch the following set of points determined by the condition given below:  

a) 1i+ 1  -Z  

Let z = x+yi 

       

        1111

1111

2222




y1-xy1-x

i1y 1-xi+yi 1-xi+ 1  -yixi+ 1  -Z  

Which represents  points on the circle with center (1, 1) and radius 1. 

b) 3 iz  

Let z = x+yi 

          91313133
2222
 yxyxiyxiyixiz  

Which represents points inside the circle with center (0, -1) and radius 3 
 

c) 44  iz  

Let z = x+yi 

      16444444444
2222  yxyxiyxiyixiz  

Which represents points outside the circle with center (0, 4) and radius 4 

6. Using properties of conjugate and modulus, show that  

a)  iziz 33   

    iziziziziz 3303033   

b) ziiz   

       ziziziziiz  00  
 

c)   ii 432
2

  

  iiiiii 4343144442 22
  

 

7. Show that  

   ii  181
7

 

              

      iiiiiiii

iiiiiii

8888881818

121121111

2

33327




 

 

8. Using mathematical induction, show that (when n = 2, 3, . . . ,)  

nn z...zzz...zz  2121  

For n=1 : 
11 zz  is true 

For n=2: 
2121 zzzz  by property of congugate 

Assume, it is true for n=k ,    i.e.,  kk z...zzz...zz  2121  

We want to prove that it is true for n=k+1 , that 121121   kkkk zz...zzzz...zz
 

Let kzzzM  ...21  .  Then       kzzzM  ...21  
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And  11   Kk zMzM
 

         1121 ... Kkk zMzzzz 121 ...  kk zzzz
 

Hence nn zzzzzz  ...... 2121  

9. Show that the equation rzz  0 which is a circle of radius r centered at oz  can be written as  

  22

0

2
Re2 rzzzz   

Correction:-The question must be corrected as   22

00

2
Re2 rzzzz   

       Let    000 ,, yxzandyxz   

       

           

       

        2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

0

2

000000

, yxzyyxxyyxx

yyxxyyxx

yyxxriyyxxiyxyixrzz







 

       

    

   

    2

0

2

000

222

00

22

00

22

0

2

0

2

0000000

0000

2

0000000
222

2222

,222222ReRe2

,

yxyyxxyxyyyyxxxxyyxxr

yyxxyyyixixyxxzz

yyyixixyxxiyyyixixyxxiyxyixzzyxzAnd







 
donearewethatmeanswhichsamethe

yxyyxxyxrAnd

yxyyxxyxzzzzNow











2

0

2

000

222

2

0

2

000

222

00

2

22

22Re2
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Solutions/Answers to  Exercises 2.4 of page  67 

1. Find the argument of  the following complex numbers: 

i

i
za




1

3
)  

 
2

3

2

3

2

33

1

33

1

1

1

3
2

2

































i

i

i

ii

i

i

i

i  

 
4

)1arg(
2/3

2/3
argarg















z  

 63) izb   

 
 
 

       






 






   6/6

3

1
tan63arg63arg)arg(, 1

6

iizTherefore  

2. Show that: 
 

 
 ii eeb )  

   

      

 













sincos,

sincossincos1

sincossincos

1,1,1,1,

1

ieeTherefore

iieand

ieie

nrefromandnreFrom

ii

i

ii

ii















 

3. Using Mathematical induction, show that: 
 nn

iiii
eeee

 


...221 ... ,n=2, 3, … 

Proof:-  

        

Trueis

eiiieenFor
iii 221

21212211 sincossincossincos.,2
 



 

 kk
iiii

eeeeeiknforTrueisitAssume
 


...221 ....,.,  

 

 

         

      

 

Trueis

eeeee

ei

ii

eeeeeeee

eeeeeiknforTrueisitthatprovetowanWe

nkk

k

kkkk

kk

iiiii

i

kkkk

kkkk

iiiiiiii

iiii











































...

...

121121

112121

...

...

2121

12

121221

12121

....

...sin...cos

sincos...sin...cos

.......

....,.,1

 

 

1) iea

Note :-         ninnnn erninrzandegeraniskkznz  sincosint,2argarg   

    11sincossincos,1,1,
22

  ieandnreFrom ii
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4. show that: 

 23 sincos3cos3cos) a  

 

   







23223

22

sincos3coscossin2cossincos

sincossin2cossincos

sin2sincos2cos2cos3cos)





a

 

 
5. show that: 

1,
1

1
...1

1
2 








zfor
z

z
zzz

n
n

 

  

1,
1

1

1

......1

1

1...1
...1

1122

2
2



















zfor
z

z

z

zzzzzzz

z

zzzz
zzz

nnnn

n
n

 

6. Find the square root of: 
iz 9  

1,0,2,
2

,99  knriz


  

 

    2,
2

,sin39 42

2

2
1

21









































































nceeeerC
ki

k
i

n
n

k

n
i

n
k







 
































































2

23

2

23

2

2

2

2
3

4
sin

4
cos33,0 4

0

i
iieCkIf

i 


 































 




























































2

23

2

23

2

2

2

2
3

4

5
sin

4

5
cos333,1 4

5

4

1

i

iieeCkIf
ii 






 

iCandiCareizofrootssquaretheTherefore
2

23

2

23

2

23

2

23
:9, 10 


  

 
7. Find the cube root of: 

iz 8  

2,1,0,3,
2

3
,98  knriz


  

 

    3,
2

3
,sin28 3

2

23

2

3
1

21









































































nceeeerC

k
i

k
i

n
n

k

n
i

n
k





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  iiieCkIf
i

202
2

sin
2

cos22,0 2

0 




































 

iiieeCkIf
ii

23
2

1

2

3
2

6

7
sin

6

7
cos222,1 6

7

3

2

2

1 







































































 



 

iiieeCkIf
ii

23
2

1

2

3
2

6

11
sin

6

11
cos222,2 6

11

3

4

2

2 





































































 



 

iCandiCiC

areizofrootscubetheTherefore

2323,2

:8,

210 


 

 
8. Solve the following equations: 

iza 8) 2/3 
 

     

     

   

 

  4,064,06403,0

30643

30643

030643

03643

03643

643333

88

323

23

2223

2223

2223

3223

322332233

2323

















xyxyxxy

yxoryandxyx

yxoryandxyx

yxoryandxyx

yxyandxyx

yyxandxyx

iyyxxyxiyxyyixxz

iyixizyixzLet

 

 
2,322,38,3648,3

648,3649,36433,3

33

333
2

3





xyxxyxxyxxy

xxyxxxyxxxxy
 

 
2,322,38,3648,3

648,3649,36433,3

33

333
2

3





xyxxyxxyxxy

xxyxxxyxxxxy
 

      32,2,32,2,0,4.. SS  

 04) 2  izb

4,0  xy  

yxory  30  

 

 

    2,2,2,2..

22
2

04
2

0
4

2
0

42
0/2

/2020

4204242

42404

4

2

4

2

222

2222

222222

2222



































SS

yandx
x

yandx
x

yand
x

x

x
yand

x
x

x
yandxx

xyandyxxyandyx

xyandyxixyiyxixyiyx

iyxyixiyixizandyixzLet
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04) 2  izc  

 

        2,2,2,2,2,2,2,2..

22,222,2

2242

2,2

2242

4242042

4244

22

22

2222

2222















SS

yandxyandxyxyx

xandyxxandyxxandyxAgain

yxyx

xandyxxandyxxandyx

xyandyxxyandyxixyiyx

iyxyixiyixizandyixzLet
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Unit Three 
Solutions/Answers to  Exercises 3.1 of page  75 
 

1. Let R be a relation on the set  6,5,4,3,2,1A  defined by   9:,  babaR . 

i) List the elements of R  

   
                                 
                        3,6,2,6,1,6,4,5,3,5,2,5,1,5,5,4,4,4,3,4,2,4,1,4

6,35,3,4,3,3,3,2,3,1,3,6,2,5,2,4,2,3,2,2,2,1,2,6,15,1,4,1,3,1,2,1,1,1R
 

ii) Is 
1RR   Yes  since addition is commutative 

 

2. Let R be a relation on the set  7,6,5,4,3,2,1A  defined by   badividesbaR  4:,  

i) List the elements of R  

       3,7,2,6,1,5R  

ii) Find Dom(R) & Range(R) 

     Dom(R)=  7,6,5              and     Range(R)=  3,2,1  

iii) Find the elements of 
1R  

           7,3,6,2,5,11 R  

iv) Find Dom(
1R ) & Range(

1R ) 

      Dom(
1R )= 3,2,1       and      Range(

1R )=  7,6,5  

3. Let  6,5,4,3,2,1A . Define a relation on A by   1:,  xyyxR . Write down the domain, codomain 

and range of R . Find 
1R  

Dom( R )  5,4,3,2,1  

Codomain  6,5,4,3,2,1  

range of R  6,5,4,3,2,1  
1R =           5,6,4,5,3,4,2,3,1,2  

4. Find the domain and range of the relation   .2:,  yxyx   

Let G =   .2:,  yxyx  

Then Dom(G) =  .: numberrealaisxx  

Range(G) =  .: numberrealaisyy  

5. Let    8,6,5,33,2,1 Band  . Which of the following are functions from A to B?  

a)       3,3,3,2,3,1f  Function  Dom(f) = A  and  Range(f) =  3  

b)       6,1,5,2,3,1f   Not a function since Dom(f) ≠ A 

c)     5,2,8,1f           Not a function  since Dom(f) ≠ A 

d)       3,3,5,2,6,1f  Function  Dom(f) = A  and  Range(f) =  6,5,3  

e)  
6. Determine the domain and range of the given relation. Is the relation a function?  

a)         0,2,6,4,5,2,3,4   

Domain =  2,4,2,4      Range =  0,6,5,3         

It is not a function since the element 2 in the domain maps to more than one element (to 2 different  elements:   

to -5 and to 0) of the range 
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b)    
















 5,1,

2

3
,6,2,8  

       Domain =  1,6,8       Range = 








 5,
2

3
,2        

It is a function since no element of the domain maps to more than one element of the range 

c)           3,3,1,1,0,0,1,1,3,3   

Domain =  3,1,0,1,3       Range =  0,1,3        

It is a function since no element of the domain maps to more than one element of the range 

d)      

























 3,3,1,1,

8

1
,

3

1
,1,1,

6

1
,

2

1
 

Domain = 








 3,1,
3

1
,1,

2

1
     Range = 









3,1,
8

1
,1,

6

1
       

It is a function since no element of the domain maps to more than one element of the range 

e)             5,5,5,4,5,3,5,2,5,1,5,0  

Domain =  5,4,3,2,1,0      Range =  5        

It is a function since no element of the domain maps to more than one element of the range 

f)             5,5,4,5,3,5,2,5,1,5,0,5  

Domain =  5      Range =  5,4,3,2,1,0        

It is not a function since the element 5 in the domain maps to more than one element (to 6 different 

elements:   to 0, to 1, to 2, to 3, to 4 and to 5) of the range 

7.  Find the domain and the range of the following functions. 

a) 
2281)( xxxf   

Dom(f) is the set of all real numbers 

b) 
65

1
)(

2 


xx
xf  

 32:)(  xandxxfDom         ,33,22,  

c) 86)( 2  xxxf  

       ,42,42:)( xorxxfDom  

d) 









52,1

21,43
)(

xx

xx
xf  

   5,151:)(  xxfDom  

8. Given 









1,1

1,53
)(

2 xx

xx
xf  

      Find    a) f(-3)  b)  f(1)  c)  f(6) 

a) f(-3) = 3x-5 = 3(-3)-5 = -9-5 = -14 

b) f(1) = 011111 22 x  

c) f(6) = 35136161 22 x  
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Solutions/Answers to  Exercises 3.2 of page  81 

1.   :,
3

2
)( 2 valueeachfind

x
xgandxxxfFor


  

a)   )2(gf        b) )1(








g

f     c)   )3(
2

g      d)   )1(fog       e)   )1(gof          f)   )3(gog  

a)      
5

28

5

230

5

2
6

32

2
2222)2( 2 





 gfgf  

b)  
 

  422

4

2

2

31

2

11

1

1
)1(

2



































g

f

g

f  

c)     
9

1

3

1

6

2

33

2
3)3(

222

22





























 gg  

d)     
4

3

4

21

2

1

4

1

2

1

2

1

2

1

31

2
1)1(

2






























 ffgffog  

e)         
5

2

32

2
2111)1( 2 


 ggfggof  

    
5

3

10

3
2

3

91

2

3
3

1

2

3

1

6

2

33

2
3)3() 

















 







































 ggggggogf

 

2. If     domianitsstateandfollowingtheofeachforformulaafind
x

xgandxxf ,
1

2
22


  

  a)   xgf        b)   xfog      c)  x
f

g







        d)    xgof  

a)       
  

1

22

1

212

1

2
2

232
2














x

xxx

x

xx

x
xxgxfxgf  

b)      
 

 
 

 
     2

2

2

2

2

2

2

2

2

2

1

642

1

2424

1

1224

1

124
2

1

4
2

1

2

1

2













































x

xx

x

xx

x

xx

x

x

xxx
fxgfxfog  

c)  
 
 

 
22

2

2

1

1

2
2

1

2

2

1

2

232

2

2 
























































xxxxx
x

xx

x

xf

xg
x

f

g  

d)        
1

2

12

2
2

22

2







xx
xgxfgxgof  

3.     xxgxxfLet  2          

a) Find     domainitsandxfog              b) Find     domainitsandxgof  

c) 

      ExplainfunctionssamethexgofandandxfogAre ?

          numbersrealallofsettheisdomainitsandxxxfxgfxfoga 
2

)               

                njumbersrealofsettheisdomainitsandxxxgxfgxgofb  22)  

     

      differentarewhichxxfgandxxgfabovebandaseeweifexampleFor

functionssametheNOTarexgofandxfogc

))

)
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4.        72.35  xxgfthatsoxgFimdxxfLet    

  

          
5

102
102537257235

72






x
xgxxgxxgxxg

xxgf

            

5.        13.12  xxgfthatsoxgFimdxxfLet  

          
2

3
32131213

x
xgxxgxxgxxgf   

6.    
 
  3

13
2.

1

1











xf

xf
xfthatShow

x

x
xfbydefinedfunctionrealisfIf  

 
 
   

 
 

 
 
  22

22

3

13
2,

22

22

222

1

1

222

1

24

1

24

1

24

1

24

1

331
1

133

1

131

1
1

33

3
1

1

1
1

1
3

3

13

12

12
2














































































































































x

x

xf

xf
xfTherefore

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

xx
x

xx

x

xx
x

x

x

x

x

x

xf

xf
and

x

x
xf

    and 

7. Find tow functions f and g so that the given function     xfogxh    where : 

a)    33 xxh      b)   35  xxh       c)   1
1


x
xh        d)  

6

1




x
xh  

               33 33.3)  xxfxgfxfogxhThenxxfandxxgLeta  

              3535.35)  xxfxgfxfogxhThenxxfandxxgLetb  

            1
11

.1
1

) 









xx
fxgfxfogxhThenxxfand

x
xgLetc  

             
6

1
6.

1
6)




x
xfxgfxfogxhThen

x
xfandxxgLetd  

8.       :.
1

,34 2 Findxxxhand
x

xgxxfLet   

      75) xfa     75) xfb     3) hgfc        3.2.1) hgfd     axfe )     axff )  

    252032820375475)  xxxxfa  

    82071520734575)  xxxxfb  

        
xx

xx

xx

xx

xxxxxx
fxxgfhgfc




































2

2

2

2

222

2 33434
3

4
3

1
4

1
3)  

               3
2

6
6

2

1
133

2

1
3143.2.1) 3 

















hgfd  

    34434)  axaxaxfe  

  3434)  axaxaxff  
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Solutions/Answers to  Exercises 3.3 of page  85 

    

ontoitIsonetoonefIs

ZoSfromSxxxffunctiontheConsider

?

.int3,2,1,0,1,2,3:,.1 2 
 

 

    ontonotisfthatsoZfRange

onetoonenotisfhencexxxxSxxLet

xxfformtheofisfunctionThe







9,4,1,0

, 21

2

2

2

121

2

 

AontoAfromfunctionsonetooneallListALet }.3,2,1{.2   

                 

                 2,31,2,3,1,1,32,2,3,1,1,33,2,2,1

,3,31,2,2,1,2,33,2,1,1,3,32,2,1,1

654

321





fff

fff
 

    yxfABxyfeirelationinversethebefLetBAfLet  :,.,.,.:.3 **
 

             

.2

2,2,1,22,2,2,1

)

*

*

*

functionaNOTisfmeanswhichimagesdifferenttwotomapswhere

fthenfLet

functionabenotneedfthatexampleanbyShowa

  

 

         

       

   

       

     
    functionaisfisfmeanswhicxfyfyyei

xxyymeanswhichxxyffyffyymeansthat

xxyymeanswhichxxxfxfandfRamgefDomThen

isfposeAgain

isfmeanswhichxxxfxf

xxyyxxyfyfyyandfrangefDomThen

xyforyxfxyforyxfletandAtoinfrangefromfunctionaisfSupose

isfifonlyandifAtoinfrangefromfunctionaisfthatShowb

**

2

*

1

*

21

2121212

*

1

*

21

21212121

*

2121

212112

*

1

*

21

*

22

*

12211

*

11

*

*

.,.

11sup,

11

.,

11)

















 

   
 

 

doneareweabovebbyTherefore

AtoinBfrangefromfunctionaisfThen

BfRangeontoisfSince

ontoandisfifonlyandifAtoinBfromfunctionaisfthatShowc

),

11)

*

*







 

    

*1*

*

*1*

.,.,,

.)11,

,)

ffeifofinverseanisfTherefore

abovecbyontoandisfTherefore

AtoinBfromfunctionaisf

ffthenAtoinBfromfunctionaisfifthatShowd











. 

    BontoAfromfunctionaisxxf

bydefinedBAfthatShowxRxBandxRxALet

11585

:}.85:{}10:{.4




 

       

BontoAfromfunctionaisf

xxxxxxxfxfthatsuchAxxLet

11

33585585, 2121212121




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5. Which of the following functions are one to one? 

     RxxfbydefinedRRfa  ,4:)  

        

   

11

4,

11,

.&44,







NOTbutontoisitmeanswhich

rangetheofelementonetomapsdomiantheofelementeverywordsotherIn

NOTisfTherefore

yxaboutnothingsaycanwethatyfxfthatsuchRyxLet

 

     RxxxfbydefinedRRfb  ,16:)  

          11661616,  isfyxyxyxyfxfthatsuchRyxLet  

  RxxxfbydefinedRRfc  ,7:) 2
 

     

   

        331679737333

11

77,

22

2222







butffexamplecounteraAs

NOTisfmeanswhich

yxyxyxyfxfthatsuchRyxLet

 

  RxxxfbydefinedRRfd  ,:) 3
 

        11, 33  isfyxyxyfxfthatsuchRyxLet  

  }7{\,
7

12
}7{\:) Rx

x

x
xfbydefinedRRfe 




  

  

         

11

15157714142271427142

127127
7

12

7

12
}7{\,
















isf

yxyxyyxxxyxyyxxyyxxy

yxxy
y

y

x

x
yfxfthatsuchRyxLet

 

6.Which of the following functions are onto? 

    

  ontoisfthereforeRfRange

RxxxfbydefinedRRfa





,,

,49115:)  

    
 

    ontoNOTisfthereforeRfRange

RxxxfbydefinedRRfb

,,,0

,:)




 

    
 

    ontoNOTisfthereforeRfRange

RxxxfbydefinedRRfc

,,,0

,:) 2




 

    
 

    ontoNOTisfthereforeRfRange

RxxxfbydefinedRRfd

,,,4

,4:) 2




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7.   ifxfFind 1
 

 

 

   
7

6

7

6
7667

67)

11 







 x
xfy

x
yxyxyf

xxfa

 

 

   
2

94

2

94
294924

4

92

4

92
)

11 











 x
xf

x
yyxyx

y
xyf

x
xfb

 

 

   
x

xfy
xy

x
y

x
y

xyf

x
xfc











1

1

1

11
1

1
1

1
1

1
1)

11

    

 

 

 
13

4

13

4

3

4

13

3

4

3

13

3

3

4

3

13

3

4

3

1

3

1

3

4

33

4

3

4

3

4
)

1

1












































x
xfy

x
y

x

y

xy

x

y
x

yy

y

yy

y
xyf

x

x
xfd

 

 

   

   
x

x
xf

x

x
yxxyxxyy

xxyyyxyxyyx
y

y
xyf

x

x
xfe

25

3

25

3
325325

3253523521
21

35

21

35
)

1

1
























  

 

    1111

1)

313331

3





 xxfyxyxyxyf

xxff
 

   

       

  121221

212112

12)

1

2221

2











xxfxyyx

yxyxyxyf

xxfg

 

 

       
x

x
xfy

x

x
xyxyxyxyyx

y

y
xyf

x

x
xfh















22
2221

1

2

1

2
)

11
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Solutions/Answers to  Exercises 3.4 of page  97 – 98  
 
1. Perform the requested divisions. Find the quotient and the remainder and verify the Remainder Theorem 

by computing p(a). 

  485) 2  xbyxxxpDividea  

9

44

369

89

4

854

2

2











x

x

x

xx

xxx          Therefore, the quotient is x-9  and the remainder is  44 

       TheoremmainderVerifiedp Re448201684544
2

  

 

 

 

 

 

 

 

Therefore, the quotient is  123  xxx    

and no remainder (the remainder is 0) 

   TheoremmainderthebyVerifiedp Re0111 4   

 

       TheoremmainderbyVerifiedp

isremainderthexxisquotienttheTherefore

xx

x

x

xx

xx

xx

xxxx

xbyxxxxpDivideb

Re2481121284447424

2452,

52

24

205

45

4

4

82

4724

4472)

23

2

2

2

2

23

23

23





















 

1

0

1

1

1

1

11

11)

23

2

2

23

3

43

4

4





















xxx

x

x

xx

x

xx

x

xx

xx

xbyxxpDividec
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 

   633 isquotient   theTherefore,

33

6

33

33

33

33

32

32

321

132)

234

234

2

2

23

23

34

24

45

25

25





























isremainderthexxxx

xxxx

x

x

xx

x

xx

xx

xx

xx

xx

xxx

xbyxxxpDivided

  

        TheoremmainderthebyVerifiedp Re632131211
25

  

   
 

232

0

82

82

123

8103

82

8101124

404

.810112,04.2

2

2

2

23

23

23



















xx

x

x

xx

xx

xx

xxxx

poffactorisxp

possibleascompletelyasxxxxpfactorpthatGiven

 

      41224232810112, 223  xxxxxxxxxTherefore   

   

364

0

936

936

4

9364
4

1

14
4

1
0

4

1

.0
4

1
,9364.3

2

23

23

23






























x

x

x

xx

xxxx

roffactoraisxorxr

xofrzerosremainingthefindrxxxxrthatGiven

 

           

rofrootsorzerosthearexxxTherefore

xxxxxxxxxxxrNow

3,3,
4

1
,

331449144364149364 2223




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   

 

103

0

906010

906010

27183

9087283

96

908719396

9633

..90871933.4

2

2

2

23

23

234

2342

22

234



















xx

xx

xx

xxx

xxx

xxx

xxxxxx

poffactoraisxxorxpofzerodoublea

xpofzerostheallFindxxxxxpofzerodoubleathatGiven

 

     
    

pfzerosthearexandxxHence

xxx

xxxxxxxxpTherefore

25,3,

253

10339087193,

2

22234







 

5.  a) Write the general polynomial p(x) whose only zeros are 1, 2, and 3, with multiplicity 3, 2 and 1 respectively. 

What is its degree? 

3)-(x2)-(x1)-k(x = p(x)         23
 

b) Find p(x) described in part (a) if p(0) = 6 

 

6deg

3)-(x2)-(x1)-(x
2

1
,

2

1
k6k12

63)k(-1)(4)(- 

6(-3)(-2)k(-1)

63)-(02)-(01)-k(06p(o)and

3)-(x2)-(x1)-k(x = p(x)

23

23

23

23

isreetheAnd

xpTherefore 








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 

 

 
 

   
 
 

   ixix

xi

xi

xixi

xxi

xix

96612

0

3996

3996

92061

391461

642

3914x5x-2x3i-2-x

 xpofzerosremainigthe,3914x5x-2x= p(x) ofroot  a is 3i-2 If 6.

2

2

2

23

23

23

















  

 

   

         
  

     

         

   
 xpofrootsothertheare

ii
xor

ii
x

iiiii
x

iiiiii
x

a

acbb
x

formulaquadiratictheuseweixixfactorizeTo

4

138461

4

138461

4

138461

4

3548721261

4

7248351261

22

96246161

2

4

:96612

2

2

2
























 

7. Determine the rational zeros of the polynomials: 

 

   

103

0

1010

1010

33

1073

10741

10107411017141:1

1074)

2

2

2

23

23

23

23



















xx

x

x

xx

xx

xx

xxxx

poffactoroneisxx

xxxxpa

 

    

     
2,5

2

73

2

4093

2

101433

:,103,

10311074,

2

2

223
















xxx

formulaquadraticusewexxfactorizetoAgain

xxxxxxxpTherefore
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     

25,1

2511074 23





xandxxarezerosrationalthethatSo

xxxxxxxp
 

 

      

5112

0

155

155

3311

152811

62

1528523

.3

0999915844554153283532:3

152852)

2

2

2

23

23

23

23





















xx

x

x

xx

xx

xx

xxxx

pofrootoneisxmeanswhich

x

xxxxpb

 

  

     

   

zerosltherationaare

xxxthenandxxxxxxTherefore

xorxx

formulaquadraticguagainxx

factorizetoneedwethereforeandxxxxxxHence

2

1
,5,31253152852,

2

1
,5

4

911

4

8111

4

4012111

4

5241111

:sin5112

51123152852,

23

2

2

223





















 

  146) 23  xxxxpc  

 

     

 

 

 

 

 

     

156

0

1

1

55

145

66

1461

1

01416114116:1

2

2

2

23

23

23



















xx

x

x

xx

xx

xx

xxxx

pofrootoneisxmeanswhich

x
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  

     

   

zerosltherationaare

xxxthenandxxxxxxTherefore

xorxx

formulaquadraticguagainxx

factorizetoneedwethereforeandxxxxxxHence

3

1
,

2

1
,113121146,

3

1

12

4
,

2

1

12

6

12

15

12

15

12

24255

12

16455

:sin156

1561146,

23

2

2

223





















 

8. Find the domain and the real zeros of the given function.  

a)  
25

3
2 


x

xf      

            5,55,5025: 2  RnimbersrealallxxfDom  

  52525025: 22  xxxxfDom  

Real zeros:     .32500
25

3
0 2

2
zerorealnoistherethatsofalseiswhichx

x
xf 


  

b) b)    124124
124

3 22

2





 xxasxxCorrecting

xx

x
xg  

       0124: 2  xxxfDom  

 
 

62
2

84

2

644

2

48164

2

124164
0124: 2















xorxx

xxxxxfDom

 

     6,26,2:  RxxxfDom  

Real  zero: .3303 zerorealtheismeanswhichxx   

or    124124
124

3 22

2





 xxasxxCorrecting

xx

x
xg  

 

 
 

62
2

84

2

644

2

48164

2

124164
0124: 2















xorxx

xxxxxfDom

 

     6,26,2:  RxxxfDom  

Real  zero: .3303 zerorealtheismeanswhichxx   

c)  
 

xxx

x
xf

23

3
23

2




  

   023: 23  xxxxfDom  
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     

 





















,2

3
,

2

5
,0

2

3

2

5
0

2

14
0

2

14
0

2

2493
0023023: 223

RfDom

xorxorxxorxxorx

xorxxxxxxxfDom

 

Real Zero :   zerorealtheismeanswhichxxx 330303
2

  

d)  
4

16
2

2






x

x
xf  

 
  RfDom

numberrealNotixxxxfDom



 24404: 22

 

zerosrealtheareandTherefore

xxxZeroal

44

416016:Re 2




 

 
9. Sketch the graph of  

a)  
3

1






x

x
xf  

 

 

 

 

 

 

asymptoteverticaltheisx

xfxAsand

xfxas

andx

whenzeroisatordenotheand

asymptoteahorizontaltheisythen

atordenotheofreethetoequalis

numeratortheofreetheSince

erceptytheis

yy
x

x
f

xercepty

erceptxis

xx
x

x
xf

yerceptx

3

,3

,3

3

min

1

,mindeg

deg

int3/1,0

3

1

30

01

3

1
0

:)0(int

int0,1

1010
3

1

:)0(int







































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b)  
x

x
xf

12 
  

 

 

 

 

asymptoteverticaltheisxhence

xfxAsand

xfxas

andx

whenzeroisatoredenotheand

asymptoteObliquetheisxy

thenatoredeno

theofreethethanmore

oneisnumeratortheofreetheAs

erceptynothatso

existtdoesnwhichf

xercepty

iserceptxnothatso

numberrealNoxx

x

x
xf

yerceptx

0

,0

,0

0

min

min

deg

deg

int

'
0

10
0

:)0(int

)0,1(int

,101

0
1

:)0(int

2

22

2

































 

c)   2
1


x
xf  

 

 

 

 

 

 

asymptoteverticaltheisx

xfxAsand

xfxasand

xwhenzeroisatoredenotheandand

asymptoteHorizontaltheisy

atordenotheofthattoequalis

numeratoretheofreetheAs

erceptynomeaning

existtdoesnwhichf

xercepty

erceptxis

x
xx

xf

x

x

x
xf

yerceptx

0

,0

,0

0min

2

,min

deg

int

'02
0

1
0

:)0(int

int0,2/1

,
2

1
2

1
02

1

21
2

1

:)0(int





























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d)  
42

2




x

x
xf  

 

   

 

   

    































xfxAsandxfxAs

xfxAsandxfxs

andasymptotesverticalthearexx

xxandwhenzeroisatoredenothe

andasymptoteHorizontaltheisy

equalareatoredenothe

andnumaratoretheofreestheAs

yf

xerceptysimilarily

ercepttheisx

xxxf

x

x
xf

yerceptx

,2,2

;,2,,2

2,2

,24min

,1

,min

deg

,00
40

0
0

:)0(int,

int)0,0(0

40

0
4

:)0(int

2

2

2

22

2

2

 

10. Determine the behavior of  
3

383






x

xx
xf    when x is near 3 

  

 
  

 

 

 

 19,3

19,3

19,3

3,13

3

133

3

38

,13338

2

23

23

atwholeahasfofgraphThe

xfxas

andxfxAs

xxxxf

x

xxx

x

xx
xfhence

xxxxx























 

11. The graph of any rational function in which the degree of the numerator is exactly one more than the 

degree of the denominator will have an oblique (or slant) asymptote.  

a) Use long division to show that    
2

8
1

2

62









x
x

x

xx
xf     since  

1

8

2

6

2

62

2

2











x

x

x

xx

xxx
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  b)    Show that this means that the line y = x+1 is a slant asymptote for the graph and sketch the graph of 

                  xfy   

 

 

   

   

   

  erceptytheissotaht

x
xfxercepty

erceptxNothatsonumberrealNotx

xx
x

xx

x
xxfyerceptx

asymptoteverticalisxHence

xfxasandxfxAs

atoredenotheofreethethangreateroneisnumeratoretheofreetheAgain

asymptoteslantisxythatsox
x

xxfxas

andx
x

xxfxAs

int3,0

341
20

8
10

2

8
10:0int

int
2

231

2

)6(411

060
2

82
0

2

8
10:0int

2,

22

.mindegdeg,

11
2

8
1.

1
2

8
1

2
2











































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Solutions/Answers to  Exercises 3.5 of page  122-123 
1. Find the domain of the given function  

a)  
x

xf
6

1
  

  RfDom   

b)   13  xxg  

  RfDom   

c)   82  xxh  

  ),3[ fDom  

d)  
22

1
3 


x

xf  

   3/1 RfDom  

2. Sketch the graph of the given function.  Identify the domain, the range, intercepts and asymptotes. 

a) xy  5  

 

   

 

asymptotehorizontalisy

ercepty

fRange

RfDomf

y x

0

1,0int

,0

,

5









 

 

 
 

b) xy 39   

 
 
 
 
 
 
 
 
 

c) xey 1  

 

   

 

 

asymptotehorizontalisy

erceptx

ercepty

fRange

RfDomf

ey x

1

0,0int

0,0int

1,

,

1











 

 

 
 

 

xy  5

 

 

 

   

 

 

asymptotehorizontalisy

erceptx

ercepty

fRange

RfDomf

y x

9

0,2int

8,0int

9,

,

39












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d) 2 xey  

 

   
 

asymptotehorizontalisy

erceptxNot

eercepty

efRange

RfDomf

ey x

0

int

,0int

,

,

2

2

2



















 

 
 
3. Solve the given exponential equation. 

a) 82 1 x
 

4312282 311   xxxx
 

b) 24332 x
 

2/552332433 522  xxxx
 

c) 28 x  

6/12/132228 2/13  xxxx  

d) 
4

1
16 23 a  

  2/16122812223422
4

1
16 2)23(423   aaaaaa  

4.      xfxfthatShowxfLet x 83.2   

        xfxf xxx 8282223 33    

5.      xgxgthatShowxgLet x

25

1
2.5   

     xgxg x
xx

x

25

1
5

25

1

25

5

5

5
52

2

2    

6.  
     xx fxf

thatShowxfLet 34
2

22
.3 


  

           x
xxxxxxfxf

34
2

38

2

193

2

333

2

33

2

22 22











 

 

7. Evaluate the given logarithmic expression (where it is defined). 

a) 322log  

42log42log2log 2232 4

  

b) 
9

3

1
log  

2
3log

32

3log

3log

3log

3log

3

1
log

3

3

3

3

3

1

99

1

2







og
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c)  93log   
  numbersrealpositiveofsettheisdomiantheceexisttdoesn sin'3log 9  

d) 6

1

6log  

2

1
6log

2

1
6log6log 666

1
2/1




 

e) 
 2433log5log  

    15log5log5log5log 53log5
3log

3log 3

53
243











 

f) 
52log2  

52
52log   

8.       .6,2log 42

fofdomaintheandffindxfIf x   

       

      

 

,22,22404:

52log2log2log2log6

22

5232436462

isdomainthethatsoxorxxxfDom

fIf
 

9.       .4,3log 342

gofdomiantheandgfindxgIf xx                                  1            3 

      

     013034:

33log3log3log4

2

33161634442



 

xxxxfDom

g
                             x – 3     - -          -  -  -    0 + + 

 x-1      - - -     0+ + +  + +  
  f           + +   0 - - -     0 + + 
From the Sign chart to the right,  

       ,31,fDom  

10. x

x

thatShow 6log
6

1
log   

x
xxxxx

6log
1

6log

6log

6log

6log

6log

6log

6log

6

1
log

666/1 1








  

11. Sketch the graph of the given function and identify the domain, the range, intercepts and asymptotes. 

a)    32log  xxf  

   

 

 

      RfRangefDom

erceptxis

xx

x

asymptoteverticalisx

xf

x

x

















,,3

int0,4

431

3202log

,3

2log

03

3
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b)   xxf 2log3  

 

 

      RfRangefDom

erceptxis

xx

asymptoteverticalisx

xf

xx

x













,,0

int0,8

82

32log02log3

,0

2log3

3
 

c)    xxf  3log  

   

 
      RfRangefDom

erceptxis

xx

asymptoteverticalisx

xf

xx

x











 

,0,

int0,1

12

02log02log

,0

3log

0
 

 

d)   xxf 5log3  

 

 
      RfRangefDom

erceptxis

xx

asymptoteverticalisxxf

xx

x









,,0

int0,1

1202log05log3

,05log3

0

 

 

12.    13  xexfofinversetheFind  

      :&int1313 inversethefindtoyforsolveandyxerchangewethatsoeyexf xx    

 

inversetheis

y
x

yxyxyeex xy 


 

3

ln1
3ln113ln13log13

 

13.         xxgofxfogthatsofunctionaFindexfLet x  .  

     

   

          

             xxeegxfgxgof

xeeefxgfxfogCheck

fofinversetheis

xgyxyyeexeyofinversethefindtoHence

othertheoffunctioninversetheisonemeansxxgofxfog

xx

xxx

xyx









22

lnln2

22/1

ln

log!

lnlog:

2
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14. Convert the given angle from radians to degrees 

a) 
3


               0

0

0

0
0

60
3

1803

180
60

3

180

3
 






or  

b) 
2

5
    

      00

0

00
0

450180
2

52

5

180
450905

2

1805

2

5






















or  

c) 
3

4
    

      00

0

00
0

240180
3

43

4

180
240604

3

1804

3

4













 





or  

15. Convert the given angle from degrees to radians  

a) 3150               




4

7

4

7

20

35

180

3150


o

 

b) -400               




9

2

9

2

18

4

180

400 











o
 

c) 3300            




6

11

6

11

18

33

180

3300


o

 

16. Sketch the graph of: 
a)    secf  

 

erceptxNoerceptytheisadymptotesverticalaren

thatsoasymptotesverticalthearethatsuchofvaluestheallf

int,int)1,0(
2

0cos,
cos

1
sec






















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b)   xxf cos1  
 

                                                                        2 

 

                                                                                 1 

 

c)  

-                               2/3  2/   2/  2/3   2  

 

                                                                           -1 

   Cosf             Cosf 1  

 
d)    cscf  

e)   









2
sin


xxf  

f)    cotf  

g)   xxf 2tan  

17. Verify the following identities: 
a)    xxxxxx cottanseccsccossin   

      

    

xx
x

x

x

x

xx

x

xx

x

xx

xx

xx

xxxx

xx

xx
xx

x
xxxxxx

cottan
sin

cos

cos

sin

cossin

cos

cossin

sin

cossin

cossin

cossin

cossincossin

cossin

cossin
cossin

cos

1

sin

1
cossinseccsccossin

2222













 









 











 

 

b) xxxx 2222 cottancscsec   
 

xxxx

xx

xx

haveweequationsthesefrom

xxandxx

haveweidentitiesrictrigonomettheFrom

2222

22

22

2222

cottancscsec

1cotcsc

1tansec

:

1cotcsc1tansec

:,













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18.  cos,0sin
2

1
tan findandGiven                    

negativeisand

positiveisthatquadrantthirdtheinisIt





sin

tan
 

   

5

2
cos

521
21






Hence

rdiagramtheFrom

 

19. Prove the identities  (2) and (3) 
From  the text on page 118, we have the following identities: 

 

 

 

 

     

  

  provedeisxx
xx

x

x

x

xx

xx

getwexbyequationthisofsidesbothdividingAgain

provedeisxx
xx

x

x

x

xx

xx

getwexbyequationthisofsidesbothdividingxx

firstthefromhenceanduseweandproveTo

xx

xx

xx

3csccot1
sin

1

sin

cos

sin

sin

sin

1

sin

cossin

:,sin,

2sec1tan
cos

1

cos

cos

cos

sin

cos

1

cos

cossin

:,cos1cossin

:1,32

csc1cot.3

sec1tan.2

1cossin.1

22

22

2

2

2

22

22

2

22

22

2

2

2

22

22

222

22

22

22















 

 

20. Find the exact numerical value of 

a)  2lnsinh  

 
4

3
2

2

3

2

2

3

2

2

1
2

222
2lnsinh

2

1
ln

2ln2ln2ln2ln2ln 1



























 eeeeee
 

b)  3lncosh   

 
6

10

2

3

10

2

33/1

222
3lncosh

3ln3

1
ln

3ln3ln3ln3ln 1


























 eeeeee
 

 
c)  3ln2tanh  

 
82

80

9/19

9/19
3ln2tanh

9/1ln9ln

9/1ln9ln

3ln23ln2

3ln23ln2





















ee

ee

ee

ee
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21. Prove the following identities: 
a)   yxyxyx sinhcoshcoshsinhsinh   

        

 

    yyandyyhavewe

evenisyandoddisyce

yxyx

yxyx

yxyxyxyx

coshcoshsinhsinh

,coshsinhsin

sinhcoshcoshsinh

sinhcoshcoshsinh

sinhcoshcoshsinhsinhsinh









 

b)   yxyxyx sinhsinhcoshcoshcosh   

        
 

yxyx

yxyx

yxyxyxyx

sinhsinhcoshcosh

sinhsinhcoshcosh

sinhsinhcoshcoshcoshcosh






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UNIT 4 
Solutions/Answers to  Exercises 4.1.1 of page  126 

1. Find the distance between the following pair of points. 
(a) (-1,0) and (3, 0) 

Distance=d=    22
0031  =    22

04  = 416   

(d)  The origin and  6,3  

Distance=d=    22

0603  =    22

63  =  63 9 3 

 
( e) (a,a) and (-a, -a) 

Distance=d=    22
aaaa  =    22

aaaa  =    22
22 aa   

          2284422
22222

aaaaaa   

 
( f) (a,b) and (-a, -b) 

Distance=d=    22
bbaa  =    22

bbaa  =    22
22 ba   

      222222
2444 bababa   

3.  Let P=(-3,0)  and Q be a point on the positive y-axis. Find the coordinates of Q if 5PQ  

     Let (0, y), since Q is on the positive y-axis, and then PQ 5=    22
003 y =

29 y
  

416259 22  yyy [since Q is on the positive y-axis] 

4.  Suppose the end points of a line segment AB are A(-1,1) and B(5,10). Find the coordinates of  
    point P and Q if  

(a) P is midpoint of AB 
Let P=(a, b) 

Then P=(a, b)=  5.5,2
2

11
,

2

4

2

101
,

2

51















 
 

(b) P divides AB in the ratio 2:3   (That is , )3:2: PBAP  

Let P= (x, y)     
 
 

Then P= (x, y)= 
32

23



 BA
 

= 















 

















5

23
,

5

7

5

203
,

5

103

32

21031
,

32

2531
 

 
(c) Q divides  AB in the ratio 3:2 

Similar to C above (i.e. interchanging 2 and 3 only, which gives P= 








5

32
,

5

13
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(d) P and Q trisect AB (i.e., divide it in to three equal parts) 
Let P= (a,b)    and Q=(x,y)                    

P= 
21

12



 BA
 and Q=

21

21



 BA
 

 

 
 4,1

3

102
,

3

52

3

10112
,

3

5112

21

10,51)1,1(2








 








 





P  

Similarly 
 

















 








 





 7,

19

1

3

201
,

3

201

3

10211
,

3

5211

21

10,52)1,1(1
P  

5.  Let M(-1,3) be the midpoint of a line segment PQ. If the coordinates of P is (-5,-7) then what are the 

coordinates of Q? 

    Let Q=(a,b), then M=  
   








 







2

7
,

2

5

2

,7,5
3,1

2

babaQP
 

 13,3,

1337652
2

7
3

2

5
1











QTherefore

bandabanda
b

and
a

 

6.   Let A(a,0), B(0,b)  and O(0,0) be the vertices of  

     a right triangle. Show that midpoint of AB is  

    equidistant from the vertices of the triangle. 

We do have four cases here,  

(i) a is positive and b is positive, or 

(ii)   a is positive and b is negative, or 

(iii) a is negative and b is positive, or 

(iv) a is negative and b is negative 

(i) Let a be positive and b be positive as in fig.1 

Where M(x,y) is the midpoint of AB 

Then 















 


2
,

22

0
,

2

0 baba
M  

   Then we want to show that M is equidistant from A, B, O 

22
22222222

2

1

444222
0

2
ba

babababa
aMA 






































  

22
22222222

2

1

4442222
0 ba

bababab
b

a
MB 






































  

22
22222222

2

1

444222
0

2
00 ba

babababa
M 






































  

Which means MA = MB = MO = 22

2

1
ba     all are equidistant 

Similarly, for the cases (ii), (iii) and (iv), we get similar result. 

 

fig.1 
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Solutions/Answers to  Exercises 4.1.2 of page  129-130 
1. Find the slope and equation of the line determined by the following pair of points. Also find the y- 

and x-intercepts, if any, and draw each line. ONLY SELECTED QUESTIONS: 

(b)   (2,0) and (2,3) 

        Slope=m=
22

03




=

0

3
 

which is not defined, meaning the line is vertical 

      The equation of the line is x=2 

      x-intercept is 2 and there is no y-intercept 

(c)   the origin and (1,0) 

       m= 0
01

00





where the line is horizontal 

     The equation of the line is y=0 (the x-axis) 

     x-intercept are all real numbers   and y-intercept is 0 

(i)   (-1,3) and (1,6) 

         m=
2

3

11

36





 

     The equation is  

 

 linetheofEquatiuon

xyxy
x

y

2

9
x

2

3
y

6
2

3

2

3
1

2

3
6

2

3

1

6








 

  x-intercept  is – 3 and y-intercept is  
2

9
=4.5          

2. Find the slope and equation of the line whose angle of inclination is   and passes through the 

point P, if   ONLY SELECTED QUESTIONS: 

(a)  = 
4

1
 , P=(1,1) 

       Slope =m=tan =tan 









4

1
= tan450=1 

       Equation is     xyxyxy
x

y





11111

1

1
 

(c)   = 
4

3
 , P=(0,1) 

       Slope =m=tan =tan 









4

3
=tan(1350)=-1 (second quadrant angle supplementary to 450) 

      Equation is      1111
0

1





xyxy

x

y
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(d)   =0 , P=(1,1) 

       Slope =m=tan =tan0=0 [It is horizontal line]  

     Equation is   1010
1

1





yy

x

y
 

(f)   = 
3

1
 , P=(1,1) 

      Slope =m=tan =tan 









3

1
=tan(600)= 3   

      Equation is     1331313
1

1





xyxy

x

y
 

3. Find the x-and y-intercepts and slope of  

the line given by 1
22


yx
 and draw the line. 

 

2

212
22

21
22













xy

yx
yxyx

 

x-intercept is 2, y-intercept is 2  

and the slope is – 1  

4. Draw the triangle with vertices A(-2,4) , B(1,-1) and C(6,2) and find the following. 

 

 

 

 

 

 

 

 

 

 

 

 

(a) Equations of the sides 

Here we need to find equations of AB, AC, and BC, so that as an example we find equation of 

AB, others can be found in a similar way 

Slope=m= 1
3

3

12

14








 

Equation is    2111111
1

1





xyxyxy

x

y
 

Similarly we can find equations of AC and BC 
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(b) Equations of the medians 

Median is line that passes through a vertex and midpoint of the opposite side, 

i.e., in this case lines that pass through A and midpoint of BC, B and midpoint of AC,  

and C and mud point of AB  

Therefore, as an example let us find the equation of the line that passes through A and 

midpoint of BC, the others can be found in a similar way 

(c) Equations of the perpendicular bisectors of the sides  

Perpendicular bisector of a line is a perpendicular line that passes through the midpoint of the 

line, i.e., in this case perpendicular bisector AB or BC or AC,  

Therefore, as an example let us find the equation of the perpendicular bisector AB , the others 

can be found in a similar way 

the perpendicular bisector AB is the line whose slope is the negative reciprocal of the slope of 

AB that passes through the midpoint of AB 

Slope of AB = - 1 (from a above)  

so that slope of the perpendicular line to AB = 1 

Midpoint of AB=
   








 








 







2

5
,

2

1

2

14
,

2

12

2

1,14,2

2

BA
 

Therefore, the equation of the perpendicular bisector of AB is the equation with slope =1 and 

passing through 






 

2

5
,

2

1
 

43213521
13

52

2

12

2

52

1

2

1
2

5














 








 








xyxy
x

y

x

y

x

y

isEquation  

(d) Equations of the line through the vertices parallel to the opposite sides 

The line through the vertices parallel to the opposite sides are the lines passing through the 

points A, B and C which are parallel BC, AC and AB respectively 

 Therefore, as an example let us find the equation of the line through the vertex A parallel to 

the opposite side BC, the others can be found in a similar way 

The slope of BC = 
5

3

5

3

61

21










  which is also the slope of the parallel line 

The required parallel line passes through point A(-2,4) which has slope 
5

3
 

263563205
2

4

5

3

2

4
, 









xyxy

x

y

x

y
isequationitsSo  
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5. Find the equation of the line that passes through (2,-1) and perpendicular to 3x+4y=6 

To determine the slope of 3x+4y=6, 
4

6

4

3
634 


 xyxy  

So the slope is 
4

3
and the line passes through (2,-1) 

 

 
2

1

4

3
1

2

3

4

3
2

4

3

4

3
1

2
4

3
1

4

3

2

1

4

3

2

1


































xyxyxy

xy
x

y

x

y
isequationThe

 

6. Suppose l1 and l2 are perpendicular lines intersecting at (-1, 2).  

If the angle of inclination of l1 is 450 , then find the equation of l2. 

Let the slopes of l1 and l2 be m1 and m2 respectively 

m1=   1145tan 2

0  m  

Since the two perpendicular lines intersect at (-1, 2), we can find equation of l2 as follows: 

l2 has m2=1 and it passes through (-1, 2) 

3121
1

2





xyxy

x

y
isequationThe  

7. This question is Simple!  that can be determined based on the slopes of the two lines 

8. Let L1 be the line passing through P(a, b) and Q(b, a) such that a ≠ b.                                                                      

Find an equation of the line L2 in terms of a and b if 

(a) L2 passes through P and perpendicular to L1 

 
 

11 2211 








 mLofSlopeand

ba

ba

ab

ba
mLofSlope   

baxyaxby
ax

by
isLofEquation 




12  

(b)  L2 passes through (a, a) and perpendicular to L1 

xyaaxyaxay
ax

ay
isLofEquation 




1 above, a Similar to 2  

9. Let L1 and L2 be given by 2x+3y – 4 =0 and x+3y – 5 =0, respectively. A third line L3 is  

perpendicular to L1. Find the equation of L3 if the three lines intersect at the same point. 

The slope of L1: 
3

2

3

4

3

2
423y0= 4-3y +2x 1





 LofSlopexyx   

Since L3 is perpendicular to L1, slope of L3 =
2

3
  

And since L1 , L2 and L3 intersect at a point, we can determine the intersection point by L1 and L2 
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Equation of L1 is simplified above as 
3

4

3

2



 xy  which we can substitute it in equation of           

L2: x+3y – 5 =0 as 1455425
3

4

3

2
3 











 xxxxxx  

  2
3

4

3

2

3

4
1

3

2

3

4

3

2






 yyxyAnd  

L1 , L2 and L3 intersect at (-1, 2) and slope of L3 
2

3
  

    73233421322
2

3

1

2
3 




 xyxyxy

x

y
LofEquation  

10. Determine the value(s) of k for which the line      058392 22  kkykxk  

In each case write the equation of the line 

(a) is parallel to the x-axis 

          058392 22  kkykxk  is parallel to the x-axis is to mean the slope is 0 

     

       

 
   

 
 

2020
9

2

9

583

9

2

58329058392,0

22

2

2

2222



















kk
k

k
misslopethe

k

kk
x

k

k
y

kkxkykkkykxkS

 

      
       

0154

051612540528239222 22





yx

yxyxislinetheofequationThe
 

(b) is parallel to the y-axis 

      058392 22  kkykxk  is parallel to the y-axis is to mean the slope is undefined 

   

       

 
   

 
 
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


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korkk

kundefined
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         

  30560524270

05383393233
22





kwhendonebecanitsimilarlyandxyx

yxiskwhenlinetheofequationThe
 

(c) passes through the origin 

    058392 22  kkykxk  passes through the origin is to mean 

    058392 22  kkykxk  contains (0,0) 

  

     
    

 
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5
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
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
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




korkk

kkkkkkkS

 

The equation can be found in similar ways as a and b above 
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(d) passes through the point (1, 1) 

    058392 22  kkykxk  passes through (1,1) is to mean 

     058392 22  kkykxk  contains (1, 1) 

  

     

   
 

numbersComplexsystemthein
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k
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




 

11. Determine the values of a and b for which the two lines ax - 2y =1 and 6x - 4y=b 

(a) have exactly one intersection point 

ax-2y=1 and 6x-4y=b intersect at one point 

3
2

3

2
intsecint

4
int

2

3

42

3
6446

2

1
int

22

1

2
1212









a
a

meanswhichslopesdifferenthavetheymeanspooneatterlinestwothe

b
iserceptyandisslopethewhere

b
xybxybyx

iserceptyand
a

isslopethewherex
a

yyaxyax

 

Therefore for all real number a 3 and for all real number b, the two lines intersect at exactly one 

point 

(b) are distinct parallel lines  

The two  lines are distinct parallel lines  when they have the same slope but different y-intercepts 

Hence from (a) above,  23
42

1

2

3

2






 banda

b
and

a
 

 

(c) coincide 

The two  lines coincide  when they have the same slope the same  y-intercepts 

Hence from (a) above,  23
42

1

2

3

2






 banda

b
and
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(d) are perpendicular 

The two  lines are perpendicular lines  when the product of the slopes is -1 

Hence from (a) above,  
3

4
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4

3
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
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Solutions/Answers to  Exercises 4.1.3 of page  132 
1. Find the distance between the line L given by y=2x+3 and each of the following 

NOTE:- Distance from a line L: ax+by+c=0 to the point P(x0, y0) is given by 
22

00
),(

ba

cbyax
LPd




  

The origin            (b) (2, 3)    (c) (1, 5)    (d) (-1, 1) 

(c) (1, 5)  5,1),(3,1,2a where3-y-2x 3+2x=y:  oo yxPandcbL  so that 

     

   
linetheonispothemeanswhich

ba

cbyax
LPd int,0

5

352

12

35112
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00













  

2. Suppose L is the line through (1, 2) and (3, 2). What is the distance between L and 

(a) The origin         (b) (2, -3)                 (c)  (a, 0)         (d)  (a, b)    (e)   (a, 2) 

  It is similar to question number 1 but here we have to determine the equation of the line 

21,0,2:0
13

22





 candbawhereyLlinehorizontalislinethemeanswhichm  

  
     

   
2

1

2

10

210
),(b), P(a,  (d)
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










 b

bba

ba

cbyax
LPd  

3. Suppose L is vertical line that crosses the x-axis at (5, 0. Find d(P, L), when P is  

(a) The origin           (b) (2, -4)             (c )  (0, b)        (d) (5, b)      (e)  (a, b)       

     In a similar way to question number 2, the equation is x-5=0 50,1  candbawhere  

    
     

   
5

1

5

01
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),(:,
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
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cbyax
LPdbaPe  

4. Suppose L is the line that passes through (0, -3) and (4, 0). Find the distance between L and each 

of the following points. 

(a)   The origin  (b) (1, 4)   (c) (-1, 0)  (d) (8, 3)   (e) (0, 1)   (f) (4, -2)    (g) (1, -9/4) (h) (7, -4)  

Similar to question numbers 1 and 2 

5. The vertices of  are given below. Find the length of the side BC, the height of the altitude 

from the vertex A to BC, and the area of the triangle when its vertices are  

(a) A(3, 4), B(2, 1) and C(6, 1)      (b) A(3, 4), B(1, 1) and C(5, 2) 

(b) Since (a) and (b) are similar, let us work out (b) A(3, 4), B(1, 1) and C(5, 2) 

The length of BC is the distance from B to C 

    17141215 2222
d  

the height of the altitude from the vertex A to BC is the distance from point A to line BC, so that 

we have to determine the equation of line BC. 

034:144
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1
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4

1
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









 yxLxy

x

y
equationm   is equation of line BC 
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    17

10

17

3163

41

34431
),(),4,3(

2222

00















ba

cbyax
LAdA  



81 
 

To find the area of the triangle we have to determine the lengths of each side: 

BC= 17 done above 

AB=     13321413 2222
  

AC=       8222453 2222
  

Let BC=a= 17 , AB=b= 13 , AC=c= 8  and, 
2

81317

2







cba
s ,  

then the area of the triangle is given by: 
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6. Consider the quadrilateral whose vertices are A(1, 2), B(2, 6), C(6, 8) and D(5, 4). Then 

(a) Show that the quadrilateral is parallelogram 

        First let us find the lengths of the sides, AB, BC, CD, AD 

       
       

        204251,174856

,208662,176221

2222

2222





ADCD

BCAB
 

    Since the lengths of the two pairs of the opposite sides of  

  the quadrilateral are equal, it is a parallelogram. 

(b)  How long is the side AD?            204251
22
AD  

 (c) What is the height of the altitude of the quadrilateral from vertex A to side AD? 

Does it want to say from vertex A to side CD or side BC? [since A is on AD, no distance] 

Now, anyway to determine the type of the parallelogram, let us determine Angle D. 

Consider   To find the altitude from Point A to side DC, we have to determine the distance from 

point A to line DC just after determining the equation of line DC 
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
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




DCbasethetoaltitudetheisLAd

eqautiontheisyxLxy
x

y
EquationmDC

 

(b) Determine the area of the quadrilateral 

  unitsquareAreahaveweabovecFrom 14
17

14
17)(6 








  
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Solutions/Answers to  Exercises  4.2.1. of page  134 
1. Suppose the center of a circle is C(1,-2) and P(7, 6) is a point on the circle. What is the radius of 

the circle?  

Since radius of a circle is the distance from the center of the circle to any point of the circle: 

    1064362617
22

 CPr  

2. Let A(1, 2) and B(5, -2) are endpoints of a diameter of a circle. Find the center and radius of the 

circle.  

Center is the midpoint of end points of the diameter, and radius is half the length of the diameter, 

 

   

radiustheoflengththeis
d

r

henceanddiametertheoflengththeisABd

centertheis
BA

C

22
2

24

2

2416162215

0,3
2

22
,

2

51

2

22












 





 

3. Consider a circle whose center is the origin and radius is 5 . Determine whether or not the 

circle contains the following point.  

Here we need to find the distance from the given point to the center and hence if this distance is less 

than the radius, the point is inside the circle, if this distance is equal to the radius the point is on the 

circle, if this distance is greater than the radius the point is outside the circle. Let us workout (g) 

(a) (1, 2) (b) (0,0) (c) (0, - 5  ) (d) (3/2, 3/2) (e) ( 5,0) (f) (-1, -2), (g) ( 3 , 2 ) (h) (5/2, 5/2)  

Here we need to find the distance from the given point to the center and hence if this distance is less 

than the radius, the point is inside the circle, if this distance is equal to the radius the point is on the 

circle, if this distance is greater than the radius the point is outside the circle. Let us workout (g), (h) 

(g) ( 3 , 2 ), Radius = 5  , Center=C(0, 0), P( 3 , 2 ) 

      circletheonispothethenrCP 2,3int,5230203
22

  

(h) (5/2, 5/2), Radius = 5  , Center=C(0, 0),  P(5/2, 5/2) 

   

cerclethesideoutispthatsorCPhence

rbutCP



 58.15,54.3
2

5

2

25

4

50

4

25

4

25
02/502/5

22

 

4. Consider a circle of radius 5 whose center is at C(-3, 4). Determine whether each of the 

following points is on the circle, inside the circle or outside the circle:  

(a) (0, 9),   (b) (0,0),   (c) (1,6),   (d) (1, 0),    (e) (-7, 1),   (f) (-1, -1),   (g) (2,4),   (h) (5/2, 5/2)  
Similar to question number 3 

Let us work (b), (c) and  (f) 

r = 5 , C(-3, 4)  

            circletheonisPsorCPb ,5251690403 0), P(0,)(
22

  

    circletheinsideisPsorCPc ,5204166413 6),P(1,)(
22

  

    circletheoutsideisPsorCPf ,5292541413 1),- P(-1,)(
22

   
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Solutions/Answers to  Exercises  4.2.2. of page  136-137 

1. Determine whether each of the following points is inside, outside or on the circle with equation 522  yx  

    (a) (-1, 2), (b) (3/2, 2) (c)  5,0   (d) (-1, 3/2 )   

   Similar to questions 3 and 4 in Exercises  4.2.1. of page  134  

2. Find an equation of the circle whose endpoints of a diameter are (0, -3) and (3, 3). 

    Similar to questions 2 in Exercises  4.2.1. of page  134  

3. Determine an equation of a circle whose center is on y-axis and radius is 2.  

Let the center be (0,b).  hen the equation is  

      420
22222
 byxbyx  

4. Find an equation of the circle passing through (1, 0) and (0, 1)  

which has its center on the line 2x + 2y =5.  

Let the center be C = (a, b)  

Since C(a, b) is on the line 2x + 2y =5, 2a+2b=5 …… *eqn. 1+ 

And the equation of the circle is     222
rbyax   

Hence sine (0, 1) and (1, 0) are on the circle,  

           

      ]2...[..........2201122

012121212

110110

2222

22222222

222222222

eqnbabaabbbaa

baabbabaabba

bababarba







  

Using eqn. 1 and 2 above, we get,  5/4,5/4C5/4a52a2a5=2b+2a  b  

Using point (1, 0) on the circle, and the center C = (5/4, 5/4) , we can find the radius r: 
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Therefore, the equation is    
16

26
4/54/5

22
 yx  

5. Find the value(s) of k for which the equation 2x2
 + 2y2 + 6x – 4y + k = 0 represent a circle.  

   

  14/92/1,2/3

][14/92/13/2x

2]by equation   theof sidesboth  [dividing  0k/2 +2y  -3x  + y + x 0 =k  +4y  -6x  + 2y + 2x
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


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squarethecompletingky  

But the radius 14/92/  kr should be some positive real number 

5.621302130
4

249
014/92/ 


 kkk

k
krThen  

6. An equation of a circle is 2x2
 + 2y2 + 6x – 6y + k = 0. If the radius of the circle is 2, .then what is the 

coordinates of its center?  

   

     

  1892/92/92/2:mindet
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22

222222







kkkkrkeertoneccessaryisitIf

centertheofcorditatesTheky

ky

 

7. Find equation of the circle passing through (0,0), (4, 0) and (2, 2).  

Consider the equation of the circle to be: 022  FEyDxyx , then 
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       
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8. Find equation of the circle inscribed in the triangle  

with vertices (-7, -10), (-7, 15), and (5,-1).  

As seen in the fig or concept of circle inscribed in the triangle, 

The sides of the triangle are tangents to the circle.   

Therefore, distance from the center (a, b) to each of the sides of  

the triangle are equal to the radius, r. 
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 
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9. In each of the following, check whether or not the given equation represents a circle. If the equation 

 represents a circle, then identify its center and the length of its diameter.  

      (a) x2
 + y2 – 18x + 24y = 0                 (b) x2

 + y2 – 2x + 4y +5= 0                    (c) x2
 + y2 – 4x -2y +11= 0            

     (d) 5x2
 + 5y2 +125x + 60y -100= 0      (e) 36x2

 + 36y2 +12x + 24y-139 = 0     (f) 3x2
 +3y2 +2x + 4y+6 = 0 

    For the equation x2
 + y2 +Dx + Ey +F= 0 , if  D2 +E2 – 4F >0 , then the equation represents a circle of  
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All the  others  can  be worked out in a similar way. 
10. Show that x2

 + y2
 + Dx + Ey + F = 0 represents a circle of positive radius iff  D2

 + E2
 - 4F > 0.  

 

4

4

224422
 0 = F +Ey  +Dx  + y + x

22222222

22 FEDE
y

D
x

ED
F

E
Y

D
x






































  

radiustheisFED
FED

r

andcentertheis
E

04
2

1

4

4

2
,

2

D-
C circle, ofequation  be  tois form asuch  If

22
22













 


 

 

 



86 
 

Solutions/Answers to  Exercises  4.2.3. of page  138 
 
1. Find the equation of the line tangent to the circle with the center at (-1, 1) and point of tangency at (-1, 3). 

    The distance between the center and the point of tangency is the radius of the circle so that: 

   
   

        411211,

2403111

22222

22





yxyxisequationtherefore

r
  

2. The center of a circle is on the line y =2x and the line x=1 is tangent to the circle at (1, 6). Find the center  

    and radius of the circle.  

   Let the center be C = (a, b)  then the radius is: 
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3. Suppose two lines y = x and y = x – 4 are tangent to a circle at (2, 2) and (4, 0), respectively.  

     Find equation of the circle.  

     Let the center be C = (a, b) then the radius is: 
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radiustheeerweyxxysaylinesgenttheofoneandcentertheguand

bbbbbbbbbar

bababa

bbbaaaabaabbaa

babababar

 



87 
 

4. Find an equation of the line tangent to the circle x2
 + y2 + 2x -2y = 2  at (1,1).   

       
 

   

 1)1,1sin

tan0
11

11

tan

1,1tanint1,1sin

2,11,-CCenter 

4 = 1-y + 1x112 =  1-y + 1x 2 =2y -2x  + y + x

:

222222















xisequationthethatsothroghgpasvertical

islinegenttheandhorizontalislinethismisLofslopeThen

linegentthetolarperpendicu

isgencyofpoandcnterthethroughgpasLlinethe

rradius

cc

c

 

5. Find equation of the line through  0,32  and tangent to the circle with equation  x2
 + y2 = 16 

 
 

 
 

 

   

032:032:

1
32

0
:1

32

0
:

:1
24

24

3232
2

1

022
1

24

24

3232
2

1

022

:22,32
2

1
22,32

2

1

228161632
2

1
16

32
2

1

32

16
1632

.616323232

32

0
,tan

0

0

,tan

,tanint

0,0sin

.6.............16

4

,tanint

40,0C61 =   + 

21

21

21

22

2

22

2222222

:

22

22

22





















































































xyLORxyL

x

y
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y
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6. Suppose P(1,2) and Q(3, 0) are the endpoints of a diameter of a circle and L is the line tangent  

      to the circle at Q.  

     (a) Show that R(5, 2) is on L.  

      (b) Find the area of △PQR, when R is the point given in (a).  

(a) Center, 
   

 1,2
2

02
,

2

31

2

0,32,1

2
, 







 








QP
CCenter  

    Slope of the line passing through C & Q is 1
32

01





  which is perpendicular to the tangent line 

Passing through Q.   

So, the slope of the tangent line passing through Q is 1,  

And its equation is L : equationtheisxy
x

y
031

3

0





 

Take R(5,2) to substitute in 

 trueiswhichxy 00035203   

meaning R is on L . 

(b) To find area of  PQR,  

first let us determine PQ, PR & QR 

   

   

   

         

        unitsqQRPQPQRofareatheThen

QatanglerightthetriangelangledrightaisPQRmeanswhich
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cePRQRPQAnd

QR

PQ

PR

.48
2

1
2222

2

1

2

1
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1688

42222sin

228220235

2282202213

442215

2
22222

2222

2222
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